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Measurements of Skin Friction of the 
Compressible Turbulent Boundary 
Layer on a Cone With Foreign 
Gas Injection’ 


CONSTANTINE C. PAPPAS* ann ARTHUR F. OKUNO* 
Ames Research Center, NASA 


Summary 


Measurements of average skin friction of the turbulent bound- 
ary layer have been made on a 15° total included angle cone with 
foreign gas injection. Measurements of total skin-friction drag 
were obtained at free-stream Mach numbers of 0.3, 0.7, 3.5, and 
4.7 and within a Reynolds number range from 0.9 X 10® to 5.9 
X 10° with injection of helium, air, and Freon-12 (CChF») 
through the porous wall. Substantial reductions in skin fric- 
tion are realized with gas injection within the range of Mach 
numbers of this test. The relative reduction in skin friction is 
in accordance with theory—that is, the light gases are most 
effective when compared on a mass flow basis. There is a marked 
effect of Mach number on the reduction of average skin friction; 
this effect is not shown by the available theories. Limited transi- 
tion location measurements indicate that the boundary layer 
does not fully trip with gas injection but that the transition point 
approaches a forward limit with increasing injection. The vari- 
ation of the skin-friction coefficient, for the lower injection rates 
with natural transition, is dependent on the flow Reynolds num- 
ber and type of injected gas; and at the high injection rates the 
skin friction is in fair agreement with the turbulent boundary- 


layer results. 


Symbols 


= area of porous surface 
= total wetted area of cone 
= average skin-friction coefficient, 
(total friction force/gA,-) 
= local skin-friction coefficient, (local shear stress/q) 


7 An abbreviated version of this paper was presented at the 
Aerodynamics—I Session, IAS 27th Annual Meeting, N.Y., Jan. 
26-29, 1959, and was published as IAS Report 59-78, entitled, 
“Effect of Injection of Foreign Gases on the Skin Friction and 
Heat Transfer of the Turbulent Boundary Layer,” by Con- 
Stantine C. Pappas. Revised and received December 18, 1959. 

* Aeronautical Research Scientist. 


dimensionless injection mass flow rate normal to sur- 
face, pwtw/ pce for supersonic flow, pwty/pot. for 
subsonic flow 

Mach number 

cone Mach number, inviscid cone surface value for 
supersonic flow, free-stream value for subsonic flow 

static pressure on cone 

total pressure 

dynamic pressure, (1/2)pu? 

Reynolds number of cone, u;-p¢X-/u"- for supersonic flow, 
U oP oXc/M for subsonic flow 

Reynolds number of flat plate, 4. paoX/p. 

absolute temperature 

reference temperature used in Eq. (1) 

velocity component parallel to surface in stream direc- 
tion 

velocity component normal to the surface 

coordinate parallel to surface in stream direction 

recovery factor 

viscosity of gas 

mass density of gas 


Subscripts 
cone condition 
incompressible flow condition 
zero injection condition 
adiabatic wall condition 
condition at surface 
free-stream condition 


Introduction 


| erowen APPLICATION of transpiration cooling and 
ablation cooling techniques to the forward areas of 
high-speed aircraft and missiles has stimulated re- 
search to ascertain the effectiveness of these cooling 
methods. The injection gases (from transpiration or 
ablation systems) affect the boundary layer in two re- 
lated ways: the amount of heat which can reach the 
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Fic. 1. Cone skin-friction model. 


surface is reduced, and the skin friction of the boundary 
layer is lessened. The objective in this series of tests 
was to determine the quantitative effect of injection 
of the foreign gases, helium, air, and Freon-12 (CClF2), 
on the total skin friction of the compressible turbulent 
boundary layer. These gases were chosen to be repre- 
sentative of possible application. Helium represents 
the light gas injection, air is used as a convenient gas 
and as a check of some theories which have evaluated 
the effect of air injection on the compressible turbulent 
boundary layer, and Freon-12 is similar to some heavy 
gases which may emanate from ablating plastic mate- 
rials. 

To date, skin-friction measurements for the turbulent 
boundary layer with only air injection are available. 
Mickley and Davis! have measured local friction on a 
flat plate with constant mass addition along the wall 
by the momentum decrement method over a Reynolds 
number range of 0.04 X 10° to 3 X 10° and at free- 
stream velocities up to 60 ft. per sec. Hacker® measured 
local skin friction on a flat plate with constant mass 
addition with a modified Stanton tube at free-stream 
velocities up to 150 ft. per sec. A marked decrease 
in local skin friction is indicated with an increase in air 
injection in the two experiments and general agreement 
is obtained at the lower injection rates, but there is 
some disagreement as to the value of the injection pa- 
rameter, 2F/c,;,, = F/0.0289 R,—'*, at which separation 
occurs on a flat plate. Hacker gives the value 2.8, but 
the data of Mickley and Davis indicate no separation 
for 2F'/c,, values up te 5.1. 

In supersonic flow, the available skin-friction meas- 
urements are again limited to air injection. Tendeland 
and Okuno* obtained the total skin friction on a cone 
frustum at a cone Mach number of 2.55 by force meas- 
urements. Some preliminary measurements of local 
skin friction obtained on a flat plate at 1/J = 2.7 have 
been reported by Rubesin in reference 4. The data 
from both sources are in agreement and indicate a 
sizable reduction in skin friction with air injection. A 
comparison of the relative reduction in skin friction, 
Cr/Cr,, for given rates of injection, 2F/C,r,, at low 
speeds and at Mach number 2.55 indicates a sizable 
Mach number effect. The theories of Rubesin® and of 
Dorrance and Dore® predict a small effect of Mach 





number on the relative reduction of skin friction, Cr + 
Cr,, of the turbulent boundary layer with given rates 
of air injection 2F/Cy,. 

The present tests were proposed to determine the 
effect of Mach number on the relative reduction of skin 
friction with injection of helium, air, and Freon-12. 


Description of Equipment 
Wind Tunnels 


The tests were conducted in the Ames 2 by 2 ft. 
transonic wind tunnel and in the Ames 10 in. heat- 
transfer wind tunnel. Pertinent details of these tunnels 
may be found in references 7 and 8, respectively. 


Cone Model 


The skin-friction model is shown in Fig. 1. Important 
dimensions are indicated on the sketch. The model 
surface was made from three conical segments, each 
molded from a mat of glass fibers treated with uncured 
phenolic resin (e.g., see reference 9). Additional phe- 
nolic resin was sprayed on the outer surface of the mat 
to provide a more abrasion-resistant outer surface. 
These mats were molded into the conical segments and 
cured in a furnace. The density of the resulting ma- 
terial is about 35 Ibs./cu.ft. The three conical seg- 
ments were trimmed and glued together, and finally 
glued to the stainless steel nose piece and base mount- 
ing ring to form the completed cone. Of a total cone 
surface of 0.313 sq. ft., 0.284 sq. ft. was porous. The 
total external conical surface, 0.313 sq. ft., was used in 
the calculations of the unit injection flow rate, p,%». 
The actual unit flow rate is somewhat higher but ex- 
tends over only the porous area. 

The model was instrumented to provide a force bal- 
ance from which the skin friction was calculated. 
Eleven pressure taps, of 0.020-in. orifice diameter, were 
installed to measure the external pressure force on the 
cone. They were located on two cone rays 180° 
apart at the positions indicated in Fig. 1. The pres- 
sure taps were connected from the base of the porous 
cone to the cone support through flexible plastic lines. 





Velocity, ft 
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Angie,degrees 
Fic. 2. Injection velocity distribution around cone at constant 
distance from surface. 
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MEASUREMENTS 


Four base pressure orifice tubes with open ends pointing 
forward were located within the shroud area to measure 
the base force acting on the model. The porous cone 
was attached to the base support through a strain- 
gage instrumented flexure unit. A small gap around 
the conical surface, 0.004 to 0.006 in. wide, separated 
the porous cone model from the shroud. 

The injection gases were introduced into the porous 
cone through four flexible tubes, one of which is shown 
in Fig. 1. The gases were admitted into the flexible 
tubes at an angle of 82'/:° to the cone axis in order to 
minimize the forces on, the porous cone due to changes 
in momentum of the injection gas. The gas emanates 
from the porous surface on the average at 82'/.° to the 
cone axis. It was necessary, however, to correct the 
strain-gage readings to account for momentum and 
tube forces (or injection force) at the various tunnel 
static pressure levels. 

The strain-gage unit was mounted on two parallel 
flexures. One side of the flexures supported the porous 
cone; the other side was mounted to the stationary 
cone support. Stops were inserted to limit the flexure 
travel to prevent damage to the strain-gage elements 
during start-up and shut-down of the wind tunnels. 
The whole strain-gage assembly and support pieces 
were made from 17 PH stainless steel to minimize any 
differential expansion problems arising from possible 


Also, 


the strain-gage elements were temperature compen- 


variations in temperature level of the structure. 


sated to minimize errors due to temperature level. 

A boundary-layer trip, 15/16 in. long, made from 2/0 
garnet paper with most of the backing removed was 
used for tests at a free-stream Mach number of 3.5. 
A double trip made from two 1/2-in. bands of 2 0 garnet 
paper separated by 1/16 in. was used for the free- 
stream Mach number 4.7 tests and for the subsonic 
tests at Mach numbers 0.3 and 0.7. The front end 
of the trips was located about 1/4 in. back from the 
cone tip. For the supersonic wind-tunnel tests various 
trips were tried until the flow appeared to be fully 
turbulent in the shadowgraph pictures for all test 
Reynolds numbers. A plot of zero injection § skin- 
friction coefficient versus Reynolds number was also 


used to substantiate that the flow was turbulent. For 
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the subsonic tests the double trip was used to ensure 
a turbulent boundary layer since the background 
“hash” of the shadowgraph pictures prevented visuali- 
zation of boundary-layer turbulence. For some natural 
transition tests the trip was removed. 

It is known that skin friction is affected by surface 
roughness. Any porous surface when viewed on a large 
enough scale can not be considered as smooth, but the 
porous fibrous glass surface when new was aerody- 
namically smooth. Surface erosion occurred during the 
testing at supersonic velocities and the porous surface 
required smoothing before the subsonic tests were con- 
ducted. The surface roughness probably has the most 
effect on the skin friction with zero injection since with 
injection the outward flow of the injected gases would 
tend to shield the surface irregularities from the main 
stream flow over the cone. Another possible unknown 
effect on skin friction may be caused by the individual 
jets of gas emanating from the surface. Whether this 
effect is essentially an introduction of roughness ele- 
ments is not known from these tests. An examination 
of the representative injection velocity measurements 
shown in Fig. 2 readily shows the existence of higher 
speed jets coming out of the surface. These measure- 
ments indicating relative porosity were made with an 
Alnor 
entially around the cone at a constant distance of 1 16 


heated thermocouple anemometer circumfer- 
in. from the surface. 

Three gases were injected through the porous surface; 
they were grade-A helium, dry air, and commercial 
Freon-12. The gases were metered with rotometers 
prior to entering the model and were passed through a 
fibrous glass filter twice the thickness of the conical 
porous wall. An examination of the model after ex- 
tensive testing revealed no dirt particles or appreciable 
discoloration on the inner surface of the porous cone; 
therefore, it was believed that no significant porosity 
variations were introduced as a result of accumulation 
of matter within the porous surface material. 


Test Conditions and Procedures 


Skin-friction measurements were made at nominal 
free-stream Mach numbers of 0.3, 0.7, 3.5, and 4.7. 


The range of Reynolds numbers was from 0.9 & 10 
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MEASUREMENTS 


to 5.9 X 10® based on free-stream conditions for sub- 
sonic flow and inviscid cone surface conditions after 
the conical shock wave for supersonic flow. The 
characteristic length in the Reynolds number is the 
cone ray length of 10!/2 in. 

The necessary measurements used to 
total skin friction were the surface pressures along the 
cone, the base pressures, the gas injection rates, the 
strain-gage output (or force), the standard wind-tunnel 
conditions of stagnation pressure and temperature, and 
test section static pressure. The free-stream Mach 
number was determined from the ratio of free-stream 
The cone 


determine 


static to stagnation pressure for all tests. 
Mach number for supersonic flow was obtained from 
reference 10 for a 15° total angle cone. 

Calibrations of the strain-gage flexure unit were 
made before and or after each daily test run. Also, the 
injection force exerted on the cone due to the passage 
of the injection gases through the porous cone was 
measured. These individual measurements of indi- 
cated strain-gage force as a function of injection weight 
rate of each gas were made at static pressures near 
to the wind-tunnel static test conditions. 
Linear interpolations or extrapolations of the correction 
were made to match actual test static pressures. These 
corrections were an appreciable portion of the total skin- 
friction force only in the case of high helium injection 
rates where the skin-friction force was quite small. 


pressure 
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Fic. 5(i) 


Zero shift of the strain-gage output was usually negli- 
gible during the tests. 

Static pressure distributions on the cone exterior are 
sensitive to the gas injection rate in two ways: (1) the 
effective external geometry of the cone is changed with 
rate of injection of each gas, and (2) local jets of gas 
emanating from the surface can cause an expansion or 
compression region near to the pressure orifice which 
thereby indicates a pressure not representative of the 
cone surface. Only one of many static pressure dis- 
tributions along the cone exterior is presented in this re- 
port (see Fig. 3), and this is to demonstrate the method 
for determining the net external pressure force on the 
cone. Pressures indicated by circular symbols A 
through H exist along one cone ray and J, K, L along 
a ray 180° around the cone, and base pressures M, N, 
O, P are within the cone shroud. Pressure taps J, K, 
L are at the same distance back from the tip as are 
taps A, D, G, respectively (see Fig. 1). The pressures 
are plotted as a function of the cross-sectional area of 
the cone normal to the axis, and the area under the 
curve (to the zero ordinate value) connecting the 
square symbols (weighted values) is the axial pressure 
force acting in the stream direction. Because of the 
many static pressure distributions obtained in these 
tests, a systematic pressure weighting and curve fair- 
ing method was adopted. The final curve, composed 
of the heavy straight line segments connecting the 
square symbols, was defined by the average of pressures 
A and J, D and K, G and L, and pressures B, C, E, F, 
and H shifted by the amount and direction indicated 
by the vertical arrows on the figure. 


Average Skin-Friction Coefficients 


The average skin-friction coefficient is defined for 
the cone as total friction drag divided by gA, where 
the dynamic pressure g is defined as (1/2)p.u.” for 
subsonic flow and (1/2)p,u,? for the supersonic flow 
tests. The total skin-friction drag is defined in this 
report to be the axial component of the skin-friction 
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TABLE 1 
Magnitude of Forces Used to Determine Skin Friction 








Strain- Maximum 
Helium Cone-minus- gage strain 
injection base force, force, gage zero 
Mao R. X10 rate, F lb. lb. shift, Ib. 
0.3 4.02 0 0.166 0.552 +0 .004 
0.3 4.02 0.000344 0.395 0.616 +0 .004 
0.7 3.61 0 0.440 1.226 +0.001 
0.7 3.48 0.000532 1.317 1.668 +0.001 
3.5 2.91 O 3.444-3 . 555 0.376 +0.001 
3.5 2.91 0.00170 3.571-3 .072 0.578 +0.001 
4.7 3.18 0 1 .634-1.684 0.283 +0 .009 
4.7 3.14 0.00285 1.792-1.424 0.428 +0.009 
force. The axial friction force is equal to the resultant 


of the external pressure force, the base pressure force, 
and the corrected strain-gage force. The total wetted 
area of the cone is A,. 


Effect of Boundary-Layer Trip 


The use of a boundary-layer trip introduces uncer- 
tainties into the skin-friction measurements. The 
effective start of the fully developed turbulent bound- 
ary layer may be displaced, and the pressure and skin- 
friction drag of the trip (which are not accounted for) 
may introduce errors in the calculation of the total 
skin friction of the cone. These effects were mini- 
mized in these tests because the trip was thin and 
covered a very small part of the total cone area, and 
the shift in effective origin of the turbulent boundary 
layer was in a region of diminishing area at the tip. 
For the skin-friction tests with gas injection, the actual 
injection did not extend to the cone tip, so the effect of 
boundary layer thickening that would result from this 
missing injection may have been partially compensated 
for by the boundary-layer thickening resulting from the 
trip. 

It was not possible to measure the drag of the non- 
porous nose region (including trip) of the cone. The 
skin friction of the nose area (x, = 2 in.) is estimated 
to be 3.6 per cent of the total skin-friction drag. The 
skin friction of the trip region (including cone tip, 
x- = 1'/4 in.) is estimated to be about 2 per cent of the 
total skin friction; therefore, an uncertainty of 100 per 
cent in trip drag introduces an uncertainty of only 2 
per cent in the total drag. 


Effect of External Pressure Distribution and Other Factors 


The cone pressure force and the base pressure force 
are the largest involved in the model force balance. 
For the subsonic tests, the cone pressure force and base 
pressure force were from S80 to 744 times larger than 
the skin-friction force and, for the supersonic tests, 
from 5 to 37 times larger. Rather than measure the 
external cone pressures directly in the subsonic tests, 
the difference between cone and base pressures was 
measured, and this difference in pressure forces 
the same order of magnitude as the skin 
supersonic tests the external 
directly. Accuracy for 


was of 
friction. For the 
pressures 


were measured 


Skin- Possible Ratio of cone 
Injection friction Weighting fairing force to skin- 
force, Ib force, lb shift, Ib. change, Ib friction force 
0 0.386 0.015 0 013 456 
0.015 0.236 0.002 0.009 744 
O 0.786 0.023 0.029 80.5 
0.057 0.408 0.004 0.015 155 
0 0.487 0.041 0.001 7.14 
0.018 0.097 0.044 0.024 36.9 
0 0.333 0.023 0.003 4.92 
0.020 0.080 0.023 0.017 %o 2 
pressure measurements was +0.000755 Ib. per sq. 


in.; this is equivalent to 0.00445 Ib. base or cone 
pressure force, if the error is in one direction for all 
pressure measurements. A tabulation of the uncer- 
tainties and of the corrections which enter into the skin- 
friction determination is shown in Table 1. The ex- 
treme cases are presented—that is, the largest and 
smallest skin-friction values for each Mach number and 
for a representative Reynolds number are shown. All 
forces are tabulated in pounds force rather than per 
cent of friction force in order to show what absolute 
accuracy is required for these force measurements. 
Some explanation of the tabulation is necessary. The 
cone-minus-base force was the difference in the axial 
components of the pressure forces acting on the wetted 
The strain-gage 
force was the indicated The 
strain-gage readings taken with gas injecting into the 
model and flowing over the strain gage were considered 
more reliable than the zero injection readings because 
the gage temperature with injection was near the cali- 
The strain-gage zero shift was 


area and the base area of the cone. 
force on the flexures. 


bration temperature. 
the change in gage reading with zero loading, noted 
over the period of a day’s run and was probably due to 
temperature changes of the strain gage. The injection 
force was the force exerted on the cone by the injection 
gases and has been described in the section titled ‘‘Test 
Procedures.”’ The weighting shift is not an error but 
is the shift in external cone force from that obtained 
from the pressure-area straight line curve connecting 
pressures A through H to M, N, O, P along one cone 
ray to the heavy straight line curve connecting the 
weighted pressures (square symbols), as shown in 
Fig. 3. Some individual pressures were affected by 
the local gas injection through the porous wall and it 
was necessary to adopt a modified weighting of the 
individual pressures. Now, in all similar cases a con- 
sistent fairing method was followed; therefore, the rela- 
tive magnitudes of the external cone forces of a series 
of runs are probably good, but the absolute value of 
this pressure force is dependent on the fairing method 
by an amount indicated by the possible fairing change. 
The last column of the table is the ratio of the axial 
cone force divided by the axial skin-friction force and 
is shown to emphasize the relative magnitude of the 
forces involved in the force balance used to determine 
skin friction. 
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Fic. 6(d). Comparison of average skin-friction coefficients 
with and without boundary-layer trip. MM, 3.21; helium 
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with and without boundary-layer trip. J/, 4.30; air injection; 


Comparison of average skin-friction coefficients 
R. = 4.67 X 108. 


M, = 4.30; air injection; 
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and without boundary-layer trip. M, = 4.30; Freon-12 injection; 


. = 2.20 
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Fic. 7(c). 
with and without boundary-layer trip. M,. = 
injection; R, = 2.42 X 108. 





Comparison of average skin-friction coeflicients with with and without boundary-layer trip. M, = 4.30; Freon-12 
injections; R, = 4.60 * 108. 


mz a. 


|} O No trip 
Lj~—— Tripped 


R,=4.67 x10 





00! 002 003 004 ° .001 .002 -003 
F F 
Comparison of average skin-friction coefficients Fic. 7(f). Comparison of average skin-friction coefficients with 


and without boundar-layer trip. M, = 4.30; helium injection; 


R, = 4.67 X 106. 


4.30; helium 


MO TT ereTHETTEENAENHLN f H CO nu 











te 
an 
ac 
tu 
gr. 


no 


lay 
tic 
ba 
in 


as 
an 
Li 


ol 


ski 
tri 
pre 
of 
tes 
Put 
ol 
she 
cie 
sul 
the 
to 
cul 
old 
the 
Th 
a ¢ 
ter 
val 
of | 
] 
fric 
cor 
fric 
are 
are 
of < 
Re 
the 
of 
con 
triy 
thr 
and 
6(b 
dec 
the 
Up 
effe 
tha 








ients 
tion; 





ents 
1-12 


ith 
mn; 








MEASUREMENTS 


Presentation of Basic Data 


Some limited transition data were obtained on the 
test cone without a trip at cone Mach numbers of 3.21 
and 4.28. These results are presented in Fig. 4. The 
actual point of transition is defined where the first 
turbulent eddies appear in the boundary-layer shadow- 
graph pictures. It is apparent that transition does 
not occur immediately at the initial point of injection, 
x, = 2in., and that the transition point of the boundary 
layer moves forward on the cone with increased injec- 
tion. As might be expected when compared on a mass 
basis, helium injection initially causes the largest change 
in transition location; air and Freon-12 have less effect. 
The transition location seems to approach a forward 
asymptotic value for the high injection rates of air 
and Freon-12, and complete tripping does not occur. 
Limitations in viewing the model prevented extension 
of these curves for the whole cone. 

The fundamental data of this report are the average 
skin-friction coefficients obtained on the cone with a 
tripped turbulent boundary layer. These data are 
presented on graphs in Figs. 5(a) to 5(i), as a function 
of the dimensionless injection rate F. For the subsonic 
tests F = py» p.u. and for the supersonic tests F = 
Puy Pct. Curves have been faired through each set 
of data to indicate the scatter in the basic data and to 
show the faired curve zero injection skin-friction coeffi- 
cients, Cy, These faired curve Cy, values are used 
subsequently as reference values in the correlation of 
the data. The curves require little discussion except 
to note that in Fig. 5(a) there are shown two faired 
curve Cy, values for the same Mach number and Reyn- 
olds number. These data, represented by each of 
the faired curves, are consistent within themselves. 
The differences noted in the Cy, values of Fig. 5(a) are 
a direct result of a slight measured change in the ex- 
ternal cone pressure distribution. The only significant 
variation in Cy, values was obtained at a Mach number 
of 0.3. 

In conjunction with the transition studies, total skin- 
friction coefficients were measured for the cone under 
conditions of natural transitiion. These average skin- 
friction coefficients for the untripped boundary layer 
are presented as a function of the injection rate F and 
are compared in Fig. 6 with the skin-friction coefficients 
of a tripped boundary layer obtained at the same cone 
Reynolds number. The skin-friction coefficients for 
the tripped boundary layer were corrected for the effect 
of Reynolds number in some cases in order to make 
comparison at the same Reynolds number of the non- 
Air, Freon-12, and helium were injected 
through the cone at Rk, ~ 2.46 X 108 and M, = 3.21, 
and the skin-friction results are shown in figs. 6(a), 
For Freon injection, the skin friction 


tripped flow. 


6(b), and 6(c). 
decreases initially from the zero injection value and 
then rises almost to the tripped boundary-layer values. 
Up to an injection rate F = 0.001 [Fig. 6(b)], the 
effect of injection to decrease the skin friction is greater 
than the increase in skin friction caused by the forward 


OF 
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shift in transition location. 
tion an immediate increase in skin friction occurs with 
injection [Figs. 6(a) and 6(c)], and for high rates of in- 
jection the skin friction obtained without a trip slightly 
For helium injec- 


For air and helium injec- 


exceeds the fully turbulent results. 
tion at cone Reynolds numbers of 1.96 & 10° and 2.93 
X 10° [Figs. 6(d) and 6(e)], the skin-friction values rise 
from the zero injection value to the turbulent skin- 
friction coefficient curve and then fall off in good agree- 
Generally, with the higher Reyn- 
olds number tests, the coefficients ob- 
tained with no trip come into approximate coincidence 
with the curve of the tripped boundary layer at lower 
values of F than those obtained with no trip at lower 
Reynolds numbers. 

Some skin-friction results obtained with no trip at a 
1.28, with injection of 


ment with the curve. 
skin-friction 


higher Mach number, \/, = 
Freon, air, and helium are presented in Figs. 7(a), 
7(b), and 7(c), for R, ~ 2.2 K 10° and Figs. 7(d), 7(e), 
and 7(f) for R. & 4.65 * 108. For the Rk. = 2.2 X 
10° results, the skin friction initially decreases from the 
zero injection value for all gases and then rises to come 
into approximate coincidence with the tripped-boundary 
layer curve. Here again the skin-friction coefficients 
for helium injection obtained with no trip rise most 
quickly and come into approximate agreement with 
the tripped values as would be expected. For the re- 
sults obtained with no trip at Rk, & 4.6 * 10%, only 
for the Freon injection do the skin-friction coefficients 
initially decrease in value. For the air and helium 
injection the skin-friction values initially rise and then 
come into agreement with the tripped skin-friction 
curve with increased injection. 

Some general statements may be made concerning 
the skin friction obtained with no trip. For the higher 
rates of injection the nontripped and tripped-boundary- 
layer skin-friction coefficients are in fair agreement. 
This does not mean, however, that transition occurs 
at the start of the porous region on the cone surface, 
but that the skin-friction contribution of the laminar 
portion of the boundary layer is in approximate agree- 
ment with the turbulent skin friction of the same fore 
part of the cone. Also, the contribution of the turbu- 
lent skin friction of the fore part of the cone, x, < 4 in., 
is calculated to be 16'/, per cent of the total turbulent 
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Fic. 9(a). Comparison of the effectiveness of foreign 
injection on skin friction. M, = 0.3. 
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Comparison of the effectiveness of foreign gas in- 
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skin friction. Even if the skin friction of the fore part 
of the cone were changed considerably the total skin 
friction would still be in fair agreement at the higher 
injection rates. A check on the reliability of the total 
skin-friction measurements was made, but is not shown, 
by comparing the total skin friction obtained with no 
trip at low Reynolds numbers with the laminar theory. 
A plot of all the zero injection skin-friction coefficients 
with no trip revealed that these values are just within 
the transition region between laminar and turbulent 
flow. 


Skin-Friction Coefficients With Zero Injection 
and Tripped Boundary Layer 

Average skin-friction coefficients without injection 
obtained at cone Mach numbers of (0.3, 0.7, 3.21, and 
1.30 are presented in Fig. 8. These cone values are 
compared with flat-plate skin friction transformed to 
cone values for all test Mach numbers, even though a 
pressure gradient exists along the surface of the cone in 
subsonic flow. The solid line curves are obtained from 
a modified form of the incompressible flow flat-plate 
= (0.0296 R,~-*, valid in the 


This equation is adapted to 


Blasius equation, C/,;/2 
region 10° < R, < 10/. 
cone flow to give the total skin-friction coefficient 
Cry, = 0.0754 R,~*-*. The effect of Mach number on 
the skin-friction coefficient is calculated by the inter- 
mediate temperature method (7” method, reference 11) 
where the air-stream properties are evaluated at an 
intermediate temperature, 7”, and 


T’/T. = 14+ 0.035 M2 + 0.45[((7,/T) - 1] () 


or 


PUT, = O15 Me for T, = 73; a = 0292) 


Finally, the actual computation of the solid curves is 
made from the equation 


0).0754 l 1 + (S/T,) | - 
"RE? (T/T) ¥? i= T.) + (S/T,) 
where S & 200°R. is the constant in the Sutherland 

viscosity formula. 

The experimental data for Mach 0.3, 
0.7, 3.21, and 4.30 are fitted in Fig. 8 by dashed curves 
of the type Cy, = KR,-", where K = A(M,) for 7, = 
7, and n = ().133 best represents the experimental re- 
sults. The representation of the data by these curves, 
corresponding to m = 0.133, is strengthened by the fact 
that the faired curve values of C,, obtained from the 
Cy vs. F curves of Fig. 5 fall on these dashed curves. 
The possibility has been considered that this low value 
of m may have been caused by surface roughness. One 
would expect that surface roughness would have less 
influence on the skin friction with gas injection, but 
here again the presence of finite jets of injected gas 
may perpetuate the roughness effect even with injec- 
tion. The variation of the average skin-friction co- 
efficient with Reynolds number is somewhat less than 
that obtained on flat plates (where m & 0.2). Whether 
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MEASUREMENTS 


this different variation is due to effects of the boundary- 
layer trip and surface roughness or is a genuine cone 
effect is not known from these limited experiments. 
There are some other experimental results available. 
The data of Tendeland and Okuno* obtained by force 
measurements on a conical surface, which was not 
smooth, were over a small Reynolds number range and 
show no consistent variation with Reynolds number. 
Bradfield, DeCoursin, and Blumer!” measured average 
skin friction of a tripped turbulent boundary layer on 
a smooth cone and show no variation of Cy, over a 
The value of the 
turbulent 


limited range of Reynolds numbers. 
average skin-friction coefficient of the 
boundary layer on a cone is still in doubt. 
ent Cy, test results are consistently higher than the 
flat-plate skin friction transformed to cone Cy, values. 
The skin-friction measurements of tripped turbulent 
boundary layers of references 3 and 12 are not adequate 
to define skin friction on cones over an extended Reyn- 
olds number and Mach number range. 


The pres- 


‘jnal Results and Discussion 


A comparison of the effectiveness in reducing skin 
friction of the various injection gases at each test Mach 
number is presented in Figs. 9(a), 9(b), 9(c), and 9(d). 
The ordinate is the ratio of the skin-friction coefficient 
with injection to that with zero injection. The ab- 
scissa is the dimensionless mass injection flow rate F 
divided by one half the skin-friction coefficient for zero 
injection. This comparison is made on an equivalent 
mass flow basis, and when presented on this basis, the 
effects of Reynolds number, wall to free-stream tem- 
perature ratio, and Mach number are expected from 
the theories for air injection to be minimized. The 
effect of wall to free-stream temperature ratio vari- 
ation is not considered in these tests because the model 
wall temperature was always near recovery tempera- 
ture. The reduction in skin friction due to gas injection 
free-stream Mach number WM. = 0.3 
[Fig. 9(a)] is indicative of the results at the higher 
Mach numbers. The effectiveness of the light gas, 
helium, is immediately apparent; reductions in skin 
friction of 75 per cent were realized at relatively low 
injection rates. For the same injection rate, F, reduc- 
tions of 36 and 20 per cent were obtained with air and 
Freon. The data, obtained at Reynolds numbers of 
0.87 X 10° and 4.0 X 108, are distinguished in the 
figure by two sets of curves faired through the experi- 
mental points. The effect of Reynolds number on the 
relative reduction of skin friction is small when com- 
pared in this coordinate system but this comparison 
is made for limited injection rates. The variation of 
skin friction with injection for /.. = 0.7 [Fig. 9(b)| 
shows similar initial trends, but limitations of the 
model prevented extension to higher injection rates. 
The measurements of skin friction at a cone Mach 
number J1/, = 3.21 are presented in Fig. 9(c). The 
data were obtained at three cone Reynolds numbers 
within the Reynolds number range of 2.93 X 10® to 


obtained at 
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4 8 4 6 2 
Fic. 10. Theoretical skin-friction variation for a flat plate with 
injection (see reference 13); MW = 0, T 500° R 
5.80 X 10% The skin-friction results correlate rea- 


sonably well in this coordinate system. The highest 


Mach number results, 1/, = 4.30, are presented in 
Fig. 9(d). Maximum relative injection rates were at- 
tained for these test conditions, and no indication of 
boundary-layer separation was seen in any of the 
shadowgraph pictures. 

The skin-friction data generally show that (1) sub- 
stantial reductions in skin friction are attained with 
gas injection, (2) the relative effectiveness of the gases 
is in accordance with the theory of reference 13, and 
(3) heavy gases similar to Freon-12 which may emit 
from ablating plastics are not very effective in reducing 
skin friction. The theoretical local skin-friction re- 
sults of reference 13 are shown in Fig. 10 for a com- 
parison of only the relative gas effectiveness for reduc- 
ing skin friction. The theory is for an incompressible 
nearly isothermal flow over a flat plate with gas proper- 
ties evaluated at a temperature of 500°R. Note that 
the comparison of relative gas effectiveness is made 
between the present total skin-friction results of Fig. 9 
obtained on a cone and the theoretical local skin fric- 
tion on a flat plate of Fig. 10. It can be shown for uni- 
form injection and for distributed injection varying as 
x—', that the c,/c,, vs. 2F/c,;, and Cy/Cp, vs. 2F/C,r, 
relationships are essentially the same for flat plate flow 
and both relationships are essentially the same for cone 
flow. Also, it can be shown that the c,/c,;, vs. 2F /c, 
relation is essentially the same for both flat plate and 
cone flow; therefore, comparison may be made between 
local and average skin friction for both cone and flat 
plate flow for equivalent external flow conditions at the 
edge of the boundary layer. 

The effect of Mach number on the reduction in skin 
friction is not easily ascertained from the previous Figs. 
9(a) through 9(d); but before the Mach number effect 
is discussed, comparison between the present data and 
other available skin-friction results should be made. 
To the writers’ knowledge, only a limited number of 
experiments which measure the effects of gas injection 
on skin friction are available. They are the low speed 
data of Mickley and Davis! and the data of Tendeland 
and. Okuno* obtained at M = 2.55. All these tests 
were with air injection. The local skin-friction meas- 
urements of Hacker are in agreement with Mickley and 
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Comparison of the effect of air injection of skin friction 
at low speeds 


Fic. 11 


Davis at the low injection rates, but at the higher 
injection rates Hacker indicates a separated boundary 
layer. A comparison is made of the present 1/,. = 
0.3 results with those of Mickley and Davis in Fig. 11. 
The agreement is generally good for the injection rates 
of the present tests. 

The representative experimental skin-friction data 
with air injection are compared with some of the 
theories in Fig. 12. The conditions for comparison are 
a wall temperature near recovery temperature for the 
experiments, a wall temperature equal to total tem- 
perature for the theories, a Mach number range from 
0 to 5, and a Reynolds number within the range of 
0.9 & 108 to 10 & 108. Two theories, one of Rubesin® 
and the other of Dorrance and Dore,*® are shown as 
shaded regions between the indicated Mach number 
ranges. The dashed curves are the available experi- 
mental skin-friction measurements. The experimental 
result is that the relative reduction in skin friction with 
air injection shows a marked Mach number depend- 
ence. Neither of the theories considered predicts 
the extent of this measured dependence of skin friction 
on Mach number. It is of some interest to note that 
much of the earlier research to measure effects of air 
injection on the turbulent boundary layer at supersonic 
speeds reported in references 3, 4, 14, and 15 was in the 
Mach number range of 2.5 to 3.0, where the theory of 
Rubesin® predicts the outcome quite well. The low- 
speed results of Mickley and Davis combined with 
the present results show the Mach number effects 
clearly. 

The effect of Mach number on the experimental 
variation of the skin-friction ratio, Cy/C,y,, is shown 
in Figs. 13(a), 13(b), and 13(c) for air, Freon-12, and 
helium injection. Fig. 13 is a cross plot of the faired 
curve values of Fig.9. The local skin-friction measure- 
ments of Mickley and Davis, obtained on a flat plate 
with air injection, are used to augment the present test 
results at the low Mach numbers in Fig. 13(a). The 
effectiveness of air injection in reducing skin friction 
generally decreases with increasing Mach number. 
For Freon-12 injection [Fig. 13(b)] the reduction in the 
skin-friction ratio appears to be least in the Mach 
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number range of 2.5 to 3.5. For helium injection 
[Fig. 13(c)] decreasing effectiveness is noted with in- 
creasing Mach number for all injection rates, 2F C,,,. 

It can be expected that the heat transfer with in- 
jection should generally follow these skin-friction trends 
and that one possible application of gas injection is to 
alleviate high rates of heat transfer from within the 
turbulent boundary layer. The probable regions of 
application of transpiration cooling are blunt leading 
edges of wings and blunt nose regions of missiles, and in 
these regions the local Mach number at the edge of 
the boundary layer is much reduced below the free- 
stream Mach number, thereby allowing the application 
of these test results. 


Conclusions 


Total skin friction of the turbulent boundary layer 
was measured on a porous cone with foreign gas in- 
jection of helium, air, and Freon-12 at an average Reyn- 
olds number of about 3 X 10° and up to a cone Mach 
number of 4.3. A number of measurements of bound- 
ary-layer skin friction with natural transition were 
made in conjunction with limited studies of transition 
movement with foreign gas injection. It was found 
that: 


(1) Helium injection initially causes the largest 
change in transition location; air and Freon-12 have 
less effect on transition. The boundary layer is not 
completely tripped even for the higher rates of injection 
of air and Freon, and the transition location appears to 
approach an asymptotic position at high rates of in- 
jection. 

(2) The average skin-friction coefficients, Cy, ob- 
tained with natural transition come into fair agreement 
with the tripped boundary-layer results at the high 
injection rates. The variation of Cy with injection 
rate, F, at the lower F values is dependent on the 
Reynolds number of the flow and the type of injection 
gas. 

(3) Substantial reductions in skin friction of the 
turbulent boundary layer were realized with foreign 
gas injection of helium, air, and Freon-12. Reduc- 
tions of SO per cent in skin friction were obtained at 
the highest helium injection rates of the tests without 
inducing boundary-layer separation. 
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MEASUREMENTS OF SKIN FRICTION 


tion | 1) The relative effectiveness of helium, air, and 
; ! . . . ~ * . . 
m- § Freon-12 in reducing skin friction as predicted by the 


| theory of Rubesin and Pappas is in agreement with 


In- § experiment. 



































nds (5) The present experimental results show an appre- 
$ to ciable change in relative skin-friction reduction with 
the — change in Mach number. This variation is not pre- 
| of : dicted by the theories of Rubesin and of Dorrance and 
ling 5 Pore for air injection. 
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Magnetohydrodynamic Effects on the 
Formation of Couette Flow 


L. N. TAO* 
Tllinots Institute of Technology 


Summary 


This paper is concerned with the problem of the formation of 
Couette flow—i.e., the problem of how the velocity profile varies 
with the time tending asymptotically to that of the steady flow of 
an electrically conducting viscous fluid in the presence of a mag- 
The governing equations and boundary conditions 
The cases of both vanishing and 


netic field. 
are established and discussed. 
nonvanishing mean induced electric field strengths are soived in 
terms of complimentary error functions as well as some elemen- 
tary functions. It is shown that the solutions are reducible to 
that of the steady case as the time approaches infinity, and to that 
of the nonmagnetic field as the Hartmann number becomes zero. 


Some numerical calculations are given. The results indicate 
that in the presence of a magnetic field the flow rate is reduced 
depending on the magnitude of the Hartmann number, and that 
” the flow to reach its steady condi- 


the magnetic field ‘‘assists 


tion. 


(1) Introduction 


es PROBLEM Of the formation of Couette flow in a 
nonmagnetic field—i.e., the problem of how the 
velocity profile varies with time tending asymptotically 
to the linear distribution of the steady case—is well 
known.' The solution may be expressed by a series 
of complimentary error functions. It is the purpose of 
this paper to generalize the problem covering the case 
of the formation of Couette flow of an electrically con- 
ducting viscous fluid in the presence of a magnetic field. 

In a magnetic field the motion of an electrically con- 
ducting fluid is subjected to the electromagnetic forces 
of the field. Meanwhile, the motion induces an electric 
current and consequently causes a change of the elec- 
tromagnetic field and forces. This interrelation be- 
tween forces and motion is one of the main features 
of magnetohydrodynamics. The basic hydrodynamic 
equations must be modified to include this interrelation. 
A problem related to this study on steady hypersonic 
Couette flow in a magnetic field has been studied by 
Bleviss.” 

In Section (2) we list the basic equations of the elec- 
tromagnetic field and of hydrodynamic flow. Section 
(3) shows the proper reduction of these equations to 
the problem of unsteady Couette flow. The problem of 
the formation of Couette flow with vanishing electric 
field intensity is then solved in Section (4). The solu- 
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tion is reducible to that of the steady case as the time 
approaches infinity, and to that of the nonmagnetic 
field as the magnetic strength becomes zero. The 
problem with nonvanishing electric field intensity is 
studied in Section (5) with an assumption that the effect 
of electric field intensity may be averaged over a section 
of the channel. Finally, some numerical results are 
given in Section (6). 


(2) Basic Equations 


First, we record the relevant electromagnetic equa- 
tions without the displacement currents*® for constant 
magnetic permeability uw and electric conductivity o in 
the system of consistent m.k.s. units: 


curl H (2.1) 
div j = 0 (2.2) 

curl E = —0B/ot (2.3) 
B = wH (2.4) 

div B = divH = 0 (2.5) 
o(E + q XB) (2.6) 


where B, H, j, E, and q are the magnetic induction, 
magnetic field, current intensity, electric field intensity, 

and velocity, respectively. 
The basic equations of an incompressible magneto- 
hydrodynamically interacting fluid are 
divq = (2.49 


Dq/Dt = —(1/p) grad p + vV*q + (u/p)j X H (2.8) 


where p, p, and y are the pressure, density, and kine- 
matic viscosity, respectively. D/Dt is the usual ma- 
terial derivative. In the momentum equation, Eq. 
2.8), the gravity force has been neglected. 


(3) Unsteady Couette Flow 


Consider a laminar flow of an electrically conducting 
liquid between two parallel plates, one of which sud- 
denly executes a constant speed m. Let the plates be 
at y = Oandy =h. Weassume that the flow is in the 
x direction only and that a uniform magnetic field 
Hy is imposed perpendicular to the plates. And we 
further assume that the walls are nonconducting. 

With the above hypotheses we may say that all 
physical quantities are, at most, functions of y and t. 
Using Eqs. (2.2) and (2.5) and the assumption that the 
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walls are nonconducting, we conclude that 


H, = Hh, jy =90 (3.1) 
Therefore, Eq. (2.8), expressed in component forms, is 
Ou/Ot = v(O°u/Oy") — (u/p)j7-Fo (3.2) 
Op/oy = wll, (3.3) 

From Eqs. (2.1) and (2.3) we get 
jz = —(OH,/dy) (3.4) 
Of./Oy = —u(OH,/dt) (3.5) 


Furthermore, from Ohm’s law, Eq. (2.6), we have 


je = o(E, + pH) (3.6) 


Combining Eqs. (3.3) and (3.4), we obtain 


pb = —uA,?/2 + Cit) 


where //, may be found from Eqs. (3.4) and (3.6) after 
the flow field is determined. This pressure is known as 
the ‘‘magnetic pressure.*”’ 

Finally, by combining Eqs. (3.2) and (3.6), we con- 
clude that the flow field is governed by 


Ou/Ot = v(07u/Oy"?) — (on/p) MoE, — (ou?Ho?/p)u 
(3.7) 
In general, /, of the problem is a function of both 
yand ?¢. Its magnitude is directly related to the elec- 
tric resistance of the fluid, or, in dimensionless form, to 
the magnetic Reynolds number,* ® which may be in- 
terpreted as the ratio of motion-induced magnetic field 
to applied magnetic field. When the electric resistance 
or the magnetic Reynolds number is small, we may 
neglect /, entirely from the consideration of order of 
This assumption has been used in some 
previous investigations.” ® 7 this corre- 
sponds to the case where the lines of magnetic force 


magnitude. 
Physically, 


were frozen in the field. 


With £, = 0, Eq. (3.7) is reduced to 
Ou/Ot = v(O*u/Oy"?) — mu (3.8) 
where m = op*H,?/p (3.9) 


The solution to this equation is given in Section (4). 
If we retain the £, term in Eq. (3.7), the complete 
solution is undoubtedly quite complicated. In this 
study a simplifying assumption will be adopted. It is 
known that in the steady case E, is independent of y 


(a pure constant), since 


dE,/dy = —pu(dH,/dt) = 0 (3.10) 


Also the present study is an investigation of the time 
effect on the flow in the presence of a magnetic field. 
We shall assume that E, may be taken as constant at a 
particular time. In other words, /, may be treated as 
the integrated mean over a section. This means that 
E. in Eq. (3.7) may be replaced by the average value 
E., which is a function of ¢ only. The validity of this 
assumption may be seen from a rough estimate of the 
order 
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(OE,/dt)/(OE./Oy) = O(h/r) (3.11) 


where 7 is the time of decay‘ which is of the order of 


tT = p/(op*Ay*) (3.12) 
— h 
With E(t) = (1/h) [ Ey, t)dy (3.13) 
/0 
Eq. (3.7) may be written as 
Ou/Ot = v(O*u/Oy?) — A(t) — mu (3.14) 
where 
A(t) = (on/p)IbEAt), m = op?Hy?/p (3.15) 


The solution to this equation is given in Section (5). 


(4) Formation of Couette Flow 
With Vanishing £, 


In this section we will discuss the solution of the for- 
mation of Couette flow with E, = 0. The simplifica- 
tion of E, = 0 has been used by some investigators on 
various magnetohydrodynamics problems; for example, 
the hypersonic Couette flow by Bleviss,’ the impulse 
motion of an infinite flat plate by Rossow,® and motion 
near an oscillating flat plate by Ong and Nicholls.’ 
Furthermore, it will be shown in the next section that 


the solution with E, = O—i.e., with frozen magnetic 
field—is useful for that with nonvanishing F.,. 
The basic equation with E, = 0 is 
(Ou/Ot) + mu = v(O0*u/dy") (4.1) 
and the boundary conditions are 
i= 0 Bai 97 5 Bs = 0; 
t> 0, y = O; u = Ub (4.2) 


=o} 


the use of the 


t> 0, y= h; u 


Clearly the 
Laplace transform. 


problem can be solved by 
However, the procedure, though 
straightforward, is quite tedious. In the following we 
will solve the problem by means of a general theorem 
about differential equations of the parabolic type 
namely, Duhamel’s theorem.* 
Introducing 

v=ue™ (4.3) 
Eq. (4.1) becomes 
Ov/dt = 


y(0*v/dy?) (4.4) 


and the boundary conditions are 


t#<0, Os ys h; v =0 
‘> 0, ¥ = 0; v = ue (4.5) 
t> 0, y= Ah; v= 0 


First, we seek the solution with boundary conditions 


independent of ¢; 


t¢< 0, Os ys hj v =0 
t> 0, y = 0; v = UM) (4.6) 
i> 0 97 = &: v= 0 








336 JOURNAL OF THE AERO/SPACE SCIENCES MAY, 1960 
The solution! satisfying Eq. (4.4) and the time inde- where 
yendent boundary conditions (4.6) is " a 
y \ = h/2(vt)'”*, 1 = y/2(t)'” 
v/uo = >, erfe [2nm + 7] and erfce(z) is the complimentary error function 
n=0 
> erfe[2(n + 1)m — | (4.7) erfe(z) = 27“ “ e~* ds 


n=0 


By applying Duhamel’s theorem, 


v ' a as 2nh ) 
- f em OS > erfe | la | 
Uy 0 Ol Lo 2V v(t 


Changing the variables of integrations, 


2nh + y 
Sn = 
2V v(t — £’) 


for the first and second series, respectively, we have 


v 2 je . — m(2nh + y)? 
= 4 bi , . exp] mi — 
Uo T n=0 (2nh+y)/* Vout 


and 


4vs,* 


Performing the integrations leads to 


z F aed ie 2nh y 
bd ss exp  (” | (2nh + »| erfe Eeuc 


Uo vA 

wo 1/2 a 
m 2nh y 

do exp| — ( ) (2nh + » | erfe | — 
v ; 4 ln 


(mt) 


n=0 


Introducing a = (vl)? /h, § = 


where M is the Hartmann number,* ° which may be interpreted as the ratio oi 


The solution of Eq. (4.1) is then 
1 on + € = 
: ae exp [.V/(2n + é | erte| + ait] + Zz: 
uo = \n=0 2a n=0 
29 
este | a a | — > exp [M{2 
<Q n=0 


> exp [— AZ} 2(n +1) — ¢} J erfe 


n=0 
The convergence of these series can be easily established 
since | erfe(z) | < 2 and the remaining parts are com- 
binable in the form of hyperbolic functions. 


As a = (vt)'/”*/h > o, using 
erfc(o) = 0 and erfc(—o~) = 2 (4.16) 
we have the solution of steady Couette flow 
u = 
= >> exp[—M(2n + 8] — 
uo n=0 
(4.17) 


> exp [—M(2n + 2 — 8)] 


n=0 


= sinh M(1 — &)/sinh WV 





: : — fying Eq. ( 


y/h, 


in -+- 1) — e} | erfe| 


Also, as J — 0, Eq. (4.15) is reduced to Eq. 
i.e., the solution in a nonmagnetic field. 


the 


1.4) and conditions (4.5) is 

2in+ lk — y 

| OF, At dt’ 
=V v(t — t’) 


2(n + 1)h — y 
= ( 


Ss, = 
2V v(t — t’) 


— > erfe 


n=0 


x eo 
> | exp | mt — 
n=0 J[2(n4+)h—y]/2 Vu 


i m(2(n + 1)hk — y/? 


: 
tys,,” 


+ (mt)! I + 


2 Dk—y Ip 
erfc | = _ me * + (mt)' ‘| ~ or (* 
“lV n= 


12(n + lh — v4 | Xx 


}2(n + 1)h — v4 | xX 


— (mt)' “} 


Qnu+lk—y 
erfc i72 
(vt) °*~ 


(m v)! “se 


M = 


. ‘induction drag”’ 


exp [—.W(2n + &)| X 


2 l)-—¢ 
=> + att | m 


Pa 
2in+1)—€& | 
Da — aM ‘i 


(5) Formation of Couette Flow With 
Nonvanishing F, 


With nonvanishing F., the governing equatior 


(Ou/Ot) + A(t) + mu = v(072u/dOy?) 


and the boundary conditions are 


to viscous dri 


(4.8) 


1.€., 


(4.9) 


solution § satis- 


4.10) 


4.11) 


— s.| ds, (4.12) 


(4.13) 


(4.14) 


oO 
ig. 


11S 


(5.1) 
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t<0 Os yh w= 0 | we(y, t) must satisfy 
t> 0; yy = 0; u = Uo (5.2) ae . 
t> 0, y=h; «= 0) S/SE — A On/Oy") (5.8) 
‘ and the boundary conditions 
Let u=we™ —e™ [ A(t) e"' dt (5.3) 
Jo t< 0, Osc ys ks we = 0 
y= 0: u's = f 5.6 
w(y, t) must satisfy ieee. 0; stp psd o 
- : t> 0, y= h; uw. = f(t) 
Ow/Ot = v(0°w/dy") (5.4) ‘ , : iia ch , 
Again we first seek the solution which satisfies Eq. (5.8) 


and boundary conditions and the boundary conditions 


$< 0, OSs yk; w=O0 t <0, O<y<h; we = Ol = 
i> 0, vy = 0; w= ue" + fit) (5.5) t> 0, y= 0 and y= h; wm = If ay 
t> 0, y=h; w = fit) ; 
By means of the Fourier expansion, it can be easily 
bd ° ; . ° 7 = ° 
where f(t) = | A(t) e™ dt (5.6) found that the solution satisfying Eq. (5.8) and condi- 
J0 tions (5.10) is 
Write u(y, t) = wy(y, t) + woly, t) (5.7) 
us = 1 — (4/m) > [1/(2n + 1)] X 
such that w,(y, t) corresponds to the solution E, = 0. n=0 
The solution of «)(y, ¢) is given in the previous section. exp[—v(2n + 1)?x*t/h2] sin [(2n + 1)ry/h] (5.11) 
Again Duhamel’s theorem shows that the solution which 
satisfies (5.8) and (5.9) is 
uv. = } f(s)(O Ot) F(y, t — s)ds (5.12) 
70 
: 4 < l v(2n + 1)*a*(¢— s)] . (2a + 1)ay . 
where F(iy,t—s) =1- y exp | - = sin = (9.13) 
: mr n=02n + I h? h 


or 


4p v(2Qn + 1)?x*t] | (2n + 1)ry Ps v(2n + 1)?xs 4 
YW. = > (2n + 1) exp | — = sin fod /(s) exp ds (8.14) 
hz n=0 h? h 0° h? 


Therefore, the complete solution of the problem with nonvanishing £, is 


u = (w, + w)e—™ — fiije“™ 
ofys . | até —_ 
= . ; > exp (M(2n + Jere | + a | +d exp [—.M(2n + €)| X 
2 n=O 2a n=O 
_ | até n+2-—-¢ 
erfe| _ alt | — >» exp [M(2n + 2 — £)] erfe | * + a | - 
~a n=0 2a 


: _[2n+2-¢ _— 
Zz exp [— M(2n + 2 — p)Jerfe| : . -- alt |! + 4rate~7™" DO (2n + 1) X 
n 0 


n=0 2a 


i 
exp [—(2n + 1)?r’a*|- sin [(2” + 1)7é] { f(te) exp [(2n + 1)*wa®e|de — f(the~*™* (5.15) 


/70 


When F, may be taken as constant, f(/) and the integral in Eq. (5.15) can be readily obtained. Let E, = K, then 


S() = (K/uh)(e™ — 1) = (K pH) (e"™ — 1) (5.16) 
and 
f fle (Qn + 1)2wta%t Idi K fexp [(2” + 1)?x?a? + a?M?| — 1 exp [(2m + 1)?x*a?] — 1) (5.17) 
(t() exp |(2n \-r-arl ide = . » (9.14 
—_e diame” (Qn + 1)2eat + aM? (2n+1)*xa? ff 


The convergence of Eq. (5.15) can be established by the same approach mentioned in the previous section, since both 


sin z and f(z) are bounded. 
In order to complete the problem, the function /,(t) must be determined from the relevant equations and the 


boundary conditions. Since the walls are nonconducting, we have 
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h eh 
{ jz dy = o| (Ek. + plu) dy = 0 (5.18) 
/J0 0 
-_ ia 
or EAt) = —p | u dé (5.19) 
JV 
Furthermore, as we take &, = constant, we have 
| wr e/) 
lim - | | (E, + wu) dy dt = 0 (5.20) 
mo TIO JD 


or 


er >] 
hk, = K = — lim (uA)/7) | | udédt (5.21) 
O « 


(6) Numerical Results 


Due to the lengthy solution of the problem, only the 
numerical results with vanishing /. will be given here. 
Fig. 1 shows a comparison of the steady cases with dii- 
ferent Hartmann numbers. It can be readily seen that 
the magnetic force has the effect of retarding the 
motion. This is one of the features of fluid motion in 
the presence of a magnetic field.* * ‘ In the momentum 
equation, Eq. (2.8), we may observe that the term 


jX H = ou(q X H) XH 


always has a component opposite to the direction of 
flow. 

Figs. 2 and 3 give the velocity profiles at different 
Hartmann numbers with fixed a, and at different a with 
fixed Hartmann numbers. These two figures clearly 
indicate that the motion in the presence of a strong 
magnetic field will approach its steady case in a shorter 
time, and that for a given magnetic field the decrease 
of flow at the early stage is less than that at the later 
time. Fig. 4+ gives in dimensionless form the reduction 
of the flow of steady cases due to the presence of a 


magnetic field. 
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On the Estimation of Structural Damping 
From Aircraft Resonance Tests 


RONALD D. MILNE* 
Queen Mary College, University of London 


Summary 


The inclusion of an allowance for structural damping in flutter 
calculations is becoming increasingly Within the 
framework of linearized ‘“‘complex’’ damping, a method is pro- 
posed for estimating, from ground resonance tests on the proto- 


necessary. 


type aircraft, appropriate damping coefficients for incorporation 
into the flutter equations. The flutter calculations 
normally undertaken at this stage may thus include a realistic 
allowance for structural damping; in particular, account may be 
taken of the coupling which normally exists in practice between 


revised 


undamped normal modes 

The method is developed from a theoretical standpoint, but 
with reference to probable practical difficulties. The relationship 
between the theoretical semirigid approach and the measured 
the actual aircraft is illustrated by a 


responses taken from 


simplified theoretical example 


(1) Introduction 


5 pes USUAL theoretical procedure for predicting 
the flutter speed of an aircraft is well known. 
The aircraft is replaced by a dynamic model having a 
finite number of degrees of freedom and a set of linear 
differential equations of motion is set up, embodying 
the structural, inertial, and aerodynamic attributes 
of the model. These equations are solved under 
conditions of simple harmonic motion to yield flutter 
speed, frequency, and mode. 

It may be very important to include some estimate 
of structural damping in the equations, and recent 
practice has been to use measured or calculated normal 
modes as coordinate functions for the model and to 
add to the equations of motion quadrature terms 
representing the effect of ‘“‘complex’’ damping in simple 
harmonic motion. However, because of a fundamental 
lack of knowledge as to the distribution of such struc- 
tural damping, only direct damping terms, of a magni- 
tude consistent with experimental results obtained 
from simple structural elements, are normally included. 
Such damping terms do nothing to couple the normal 
modes used as coordinate functions, and this coupling 
may be important in altering the flutter mode and so 
the flutter speed. It is in an attempt to estimate 
both direct and coupling terms appropriate to the 
dynamic model adopted that the present method is 
proposed. 

Extensive resonance testing of a prototype aircraft 
is mandatory, and current flutter calculations are 
obtained from 


normally revised using information 


such tests. By measuring the complex response of 
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the aircraft to a number of harmonic forcing systems 
it is suggested that a set of damping coefficients may 
be estimated for inclusion in the revised flutter equa- 
tions. The tests would not involve equipment addi- 
tional to that normally required for the application of 
multipoint vibration techniques to the estimation of 
undamped normal modes. 

The method is not dependent on the use of normal 
modes as coordinate functions, although these are 
convenient and would tend to yield more accurate 
estimates of the damping coefficients than arbitrary 
functions. 

Success is obviously consequent upon how well the 
concept of linear ‘‘complex’’ damping may describe 
the internal dissipation of energy in complicated 
aircraft structures. 


(2) Analysis 


The aircraft structure is replaced by a semirigid 
model having » degrees of freedom characterized by 
coordinate functions and their associated 
The choice of the coordinate func- 


n chosen 
amplitudes c,(t). 
tions and their number will be governed by the nature 
of the flutter problem to be investigated; they may 
be arbitrarily chosen but physically likely functions, 
interpolation functions (in which case the c,(¢) are 
the actual displacements at m points of the structure), 
or undamped normal modes based on calculation or 
measurement. Functions having zero strain energy 
are not considered. 

The analysis deals only with the steady-state re- 
sponse of the model to an harmonic force input of 


circular frequency w. Accordingly, putting 


c(t) = (a, + ib,)e™ (1) 
the algebraic response equations are 


(—w?[m] + [Rk] + i[g])}a + ib} = jp} (2) 
where [m], [Rk], [g| are, respectively, the matrices of 
generalized inertia, stiffness, and (complex) damping 
coefficients, and } p} is the column matrix of generalized 
force amplitudes chosen for convenience to be entirely 
“in-phase.” 

An alternative form of Eq. (2‘ consists of the simul- 


taneous equations 
[elias — (elt) = tp} (3a) 


[glia} + [el{ do} = 0 (3b) 
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with [e] = —w?[m] + [R] 
It is assumed that the mass distribution of the 


structure has been assessed and that the generalized 
inertia coefficients have been estimated therefrom; 
in addition, either by structural analysis or by measure- 
ment of undamped normal modes and their frequencies, 
it is assumed that the generalized stiffness coefficients 
have also been estimated. Thus, at any frequency 
w the matrix [e] is determined at least within a frame- 
work of those assumptions usually involved in classical 
flutter calculations. 

Let the known force distribution | p{, of circular 
frequency w, be applied to the actual structure; then, 
by measurement of the complex response at m points 
and the use of a suitable geometric coordinate trans- 
formation based on the particular semirigid model 
adopted, the response vectors {a},, |b}, may be esti- 
mated. Since the semirigid model can only approxi- 
mate the actual response of the structure the use of 
more than m measuring points will not, in general, 
yield a consistent transformation; clearly, then, the 
choice of the ” measuring points will influence the 
estimation of the response vectors. This is a con- 
sideration to be reckoned with in the practical applica- 
tion. 

For every force-frequency combination }{/p},, w,, the 
response equations are 


lelsta}, — [eltd}. = tAts 
[gl{a}, + lel,fo}, = 0 


(4a) 
(4b) 
wherein, according to the foregoing discussion, only 
the elements of the matrix [g] are unknown. Pre- 
multiply each of Eqs. (4) by a row matrix having 
ciphers everywhere except for unity in the rth column 
giving the scalar equations, 
1 Sat f 
lérlsia@js — lg} {Of 
f es 
[gel {ats + lerls| of 


= prs (5a) 


0 (5b) 


where the row matrices |e,|,, |g,| represent, respectively, 
the rth row of the matrices [e],, [g]. Let m force- 
frequency combinations be applied to the structure 
yielding m response columns }a},, |d},. Let the (m, k) 
matrices [a,|, [b,] be formed by columns from any k 
columns of the complete set; similarly, the matrices 
{a,|, [b,| are formed from any / columns (k, / < m). 

Writing Eq. (5a) for each of the selected / column 
pairs and Eq. (5b) for each of the selected k column 
pairs and rearranging, then 


lg-}[od = Llelsfa}, — pol, s = 
(g-}[a) = L—lel.{o}.], s = 1tok 


Eqs. (6a) and (6b) may be combined in terms of 


1 to] (6a) 


(6b) 


partitioned matrices to give 
lelL tau), (61) = L—tedsfO}., ledsta}s — Po] (@) 


Eq. (7) represents a set of simultaneous equations 
for the elements of the rth row of [g| provided the 
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equations are consistent and the rank of 


fay, bo) = Llarl , {or 


is not less than m. Consistency is ensured in the 
theoretical case by the fact that the response columns 
satisfy Eqs. (4); however, in the practical case, this 
condition is not likely to be satisfied exactly and it 
becomes necessary to select only n of the equations for 
solution. This selection is obviously important to the 
success of the method and is best made by choosing, 
at the outset, a suitable set of force-frequency combina- 
tions. 

Accordingly, the rank of [a,, b,| is considered only 
when / = n — k under two sets of k force-frequency 
combinations which may in the general case be com- 
bined (the number of force-frequency combinations 
need not exceed k or /, whichever is the greater; here, 
k > 1): Set (a), at one frequency, & linearly inde- 
pendent force columns } p},; Set (b), one force column 
at k distinct frequencies w,. 

In the case of excitation by Set (a) it is convenient 
to use certain results based on Characteristic Phase 
Lag Theory.' Thus at any given frequency there 
exists a complete nu-fold vector base of real forcing 
columns }y{; whereby if any arbitrary n-element 
forcing column |p} is expressed in terms of this base, 
for example, 


ip} = [yn] |B! (8) 


iM 
1 


then the response vectors are given by 


n 
ta} = 27 B; cos gtr}; = [rn] [cos gn] {8} (Ya) 
j=! 


n 
—{b} = >5 8, sin ¢,}r}; = [r,] [sin ¢,] 1B} = (9b) 
j=1 
where the |7{; are m linearly independent frequency 
response modes and the g; are the » characteristic 
phase angles for the system; both the {|r}; and the g, 
are functions of the frequency of excitation. 
For k independent forcing columns |p}, Eqs. (8) 
and (9) may be written in the forms 


[Pel = [yn] [8x] (10) 
la, = [rn [cos ¢nl (8; ( I la) 
— [db] = [r,] [sin ¢,] [Bx] (11b) 


where the matrix [@,] is of order (7, k). 
Without loss of generality consider the rank of the 


Eq. (7)], 
[a,, nel = [ral [sin ¢,][ [cot ¢,] (8:1, — [8,21 ] 


wherein one of the ¢; may be 7/2 if the chosen fre- 


matrix [cf 


quency is coincident with an undamped natural 
frequency. The matrices [r,|, [sin ¢,] being non- 





singular the rank of [a,, 6, _,| is not less than the rank of 


[fcot gel (Bl, — [Pn J 


A Laplacian expansion in the first k columns of the 
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determinant of this matrix gives 
[cot gn] [1, —[Bn-«]| = 


p (II cot ¢;),() 6, 


j i 


Bn—x| ), 
where |6;|, |8,-,| are, respectively, any kth order 
minor and its (” — k)th order complementary minor, 
the continued product contains any k cot ¢ from 
and the summation contains as many terms as there 
are combinations of k from n. Since the k |p}, are 
chosen to be independent then [6,| is of rank k and 
will contain at least one minor of order k which is 
not zero. In addition, at least one product 
(3, |8,-~|) will not be zero except in the particular 
B,| and 





case when two columns appearing both in 
(3, -,| differ in one element only; this in turn implies 
that the difference of two forcing columns })p},, |p}, 
is proportional to one of the base forcing columns 
|y{;. In this case it cannot be asserted that [a,, 6, —;| 
is of rank n. 

Since it may be irksome to avoid such a hazard in 
practice a safer procedure is to use m independent 
forcing columns }p{, and to solve Eq. (7) either with 
l= n,k = Oorwithk = n,/ = 0. The independence 
of the |p}, then ensures that both [a,| and [6,| are 
of rank m [Eq. (11)] except when one of the charac- 
teristic angles is 7/2 and [a,] may contain a null 
column. 

The above and later considerations point to the 


equation 


\g-| [b,) = | lel.fa}, _ Pr, s=ltonz (12) 


as the most suitable for the determination of the 
damping coefficients. 

Following these considerations the case of excitation 
by Set (b) will be discussed only with reference to 
Eq. (12)—i.e., rank of [b,]—and when w, takes n 
different values. Solving Eqs. (4) for |b}, then, 


[7 + (fel tel)? }ta}, = —fel eo} 3) 
or [D],, 5}, = fa} 
where }k! is a column of constants. The solution for 
)b}, is 
D, 
(bt, = 
iipDi.f 


is the determinant of [D], with the rth 
For each of the m frequencies 


where | D, 
column replaced by } k}. 
the matrix of response columns is 


D,| s 
[d,] = , S=l1ton. 
D\, 


Since II|D , ¥ 0, then [6,| will be nonsingular if 
D,|, | #0 


This determinant may be written 


f(@s”) 
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where f, is a polynomial in w,? of order (27 — 1). So 
long as the m w, are different, then the columns of this 
determinant are independent and [6,| is of rank n. 

The successive rows of |g] may thus be determined 
by equations like (12) using a set of m independent 
force-frequency combinations. The complete expres- 
sion for [g] is 


[g] = [6,)° '[h] 


where hs = |e,|,, at 


— prs 


In a recent paper by Traill-Nash* a procedure is 
given for exciting normal modes by determining at 
each undamped natural frequency that member of the 
base of forcing columns [y,| associated with a charac- 
teristic phase angle of 7/2. This procedure may be 
used to estimate the damping coefficients. 

Let excitation be at an undamped natural frequency 
w, with forcing column } y} Response is then entirely 
in quadrature and the second equation of (3) indicates 
that the response column } 6}; must have the form of 
the jth normal mode. The first equation of (3) re- 
duces to 


iz - 
— [g] 3; oe 


and, writing this equation for each undamped natural 
frequency and corresponding forcing column, then 


—[g} [d.) = Lyn] 


or [el = — [17 "Lal (14) 


Thus, a knowledge of the  undamped normal modes 
and the » forcing columns } y}; yields a direct estimate 
of the damping matrix [g]. 


(3) A Theoretical Example 


The usefulness of the semirigid representation lies 
in the fact that within a frequency range of interest 
it is possible to approximate the motion of the aircraft 
by a finite, usually small, number of degrees of freedom. 
The quality of this approximation at any frequency 
used for response measurement will clearly affect the 
estimation of the model damping coefficients from 
responses of the actual structure. 

With this point in mind a simple theoretical example 
is worked through in which the responses of a chosen 
system in five degrees of freedom are used to calculate 
the damping coefficients belonging to “‘model’’ systems 
which are assumed to have less than five degrees of 
freedom. 
represent those measured from the actual structure 
represent semirigid ap- 


Here the responses in five degrees of freedom 
while the various ‘‘models”’ 
proximations of varying order. 

The system chosen is a uniform pinned beam whose 
uncoupled bending and torsional modes are sine curves. 
The uncoupled frequencies are chosen as 


(wip = 1, 4, 9, 16, ...2 


(w3)t = &, 6, 9, 
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TABLE 1 
Matrix of Damping Coefficients 
0.1189 0.4478 0.0581 0.2618 0.4826 
0.4478 2.6026 0.2838 1.9678 2.0215 
0.0581 0.2838 1.3081 0.7873 0.6806 
0.2618 1.9678 0.7873 6.6732 0.8392 
0.4826 2.0215 0.6806 0. 8392 7.9980 
TABLE 2 
In-Phase Response Columns 
—1.244651 0.066187 0.061370 0.007762 0.007531 
0.307190 0.090226 —0.156274 —0.070435 —0.040584 
—0.016341 —0.173922 0.092150 0.005135 0.008427 


0.134421 
—0.005016 


0.014481 
0.042750 


— 0.087093 
—0.016448 


— 0.089679 
—0.019129 


— 0.023049 
0.036081 


the frequency coincidence (w3)) = (ws); = 9 is de- 
liberately chosen. Inertial coupling is introduced 
between these modes by offsetting the sectional center 
of mass. The basic system chosen for the example 
has as its five degrees of freedom the first five (coupled) 
normal modes of this beam. The relevant (coupled) 


frequencies are 


w, = 0.981 
Ge = 3.66 
w; = 3.74 
aq = 41.16 
ws, = 8.10 


the generalized inertia matrix is normalized to the 
unit matrix and the stiffness matrix is the diagonal 
matrix [w,’]|. Damping is introduced in the following 
ways: (a) uniform damping in bending with angle of 
loss 0.05 rad., (b) uniform damping in torsion with 
angle of loss 0.03 rad., (c) concentrated damping at 
1/6 and 1/3 span in bending with angle of loss 0.075 
rad., and (d) concentrated damping at 1/6 and 1/3 
span in torsion with angle of loss 0.150 rad. These 
sources of damping lead to the matrix of generalized 
damping coefficients shown in Table 1. 

A single force column is used, derived from the use 
of two in-phase linear exciters—one placed on the 
flexural axis at 2/3 span and one offset from the flexural 
axis and located at 5/6 span. The responses to this 
force column at the five undamped natural frequencies 
are used as the basis for the recalculation of the damping 
coefficients. The response matrices [as], [05] are 
shown in Tables 2 and 3. 

Using Eq. (12), the full damping matrix (Table 1) 
is readily reproduced, but interest is fixed on the cal- 
culation of the appropriate damping matrix when 
the system is assumed to have only one, two, three, 
or four degrees of freedom, consisting of the normal 
(coupled) modes taken in successive order. For these 
-alculations only those terms of the response columns 
(Tables 2 and 3) corresponding to the retained degrees 
of freedom are used and only the responses at one, 
two, three, or four undamped frequencies. Thus, in 
these cases, the parts of the response columns which 
are used in the calculation are derived from the re- 
sponse of a more complete system as would be the case 
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in practice. Eq. (12) now leads to damping matrices 
which are only approximately symmetrical, and these 
are rendered symmetrical by averaging corresponding 
elements. On this basis the various approximations 
to the relevant parts of the full damping matrix be- 
longing to the ‘“‘model’’ systems are shown in Table 4. 

The approximations to the elements of the full 
damping matrix are quite acceptable in this case 
despite the fact that two of the natural (excitation) 
frequencies are very close together. The use of Eq. 
(6b), (k = n), instead of Eq. (12) does not yield such 
a set of satisfactory approximations. 

The example does not take into account the changes 
in the elements of the response columns which would 
result from the fitting of a reduced number of co- 
ordinate functions (in this case the undamped normal 
modes) to just a sufficient number of measured dis- 


placements. 


(4) Conclusions 


The proposed method could readily form an exten- 
sion to standard multi-point resonance testing; indeed, 
when the procedure suggested by Traill-Nash is used 
the information required is already at hand once the 
normal modes have been obtained. 

Practical difficulties may be severe and the results 
obtained will depend on the choice of coordinate 
functions, the choice of measuring points, and the 
choice of exciting points. The use of normal modes 
as coordinate functions seems to be preferable to any 
other set since then the diagonal damping coefficients 
would probably predominate; furthermore, the effect 
of neglected (higher frequency) modes will be mini- 
mized if responses are measured near resonant fre- 
quencies. The exciting forces need not be large in 
number provided they are capable of exciting ade- 
quately all the chosen modes. 


(Continued on page 376) 
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TABLE 3 
Quadrature Response Columns 


0.000115 —0.000249 


—4.037047 —0.000451 0.006716 
0.021352 0.855556 0.832410 0.001673 —0.003007 
0.000001 —0.420396 —0.497447 —0.000736 —0.002030 
0.002806 —0.014644 —0.021736 —0.325266 —0.061868 
0.004370 —0.002571 —0.008438 0.016484 0.061137 


TABLE 4 
Approximations to the Damping Coefficients 


Damping a Number of Degrees of Freedom 
9 2 


Coeffs. 1 2 3 4 
gu 0.1158 0.1180 0.1188 0.1184 
£12 0.4283 0.4566 0.4542 
£22 2.4234 2.7118 2.6657 
213 0.0846 0.0747 
£23 0.4546 0.3664 
£32 1.4205 1.3567 
£14 0.2491 
£24 1.9293 
224 0, 8000 

i 6.6307 
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Foucault Pendulum Eff 


ect in a Schuler-Tuned 


System! 


CHARLES BROXMEYER* 
Massachusetts Institute of Technology 


Summary 


Phree-axis analysis of an undamped, Schuler-tuned, inertial 
navigation system, carried by a vehicle moving near the Earth’s 
surface, leads to a set of six simultaneous linear differential equa 
tions of the first order. Solution of the sixth degree character 
istic equation of this set shows that the system errors oscillate 
with the eighty-four minute period predictable from single-axis 
analysis and that, in addition, the errors exhibit beats with a 
period which varies with latitude and velocity. It is shown that 
this behavior has an analog in the behavior of a Foucault pendu- 


lum 
Symbols 
a acceleration 
a, B, 4 x, ¥, and s components respectively of € referred 
to the indicated coordinate system 
€ vector error angle 
f specific force 
Fis Mate Se components of f referred to the geographic co 
ordinate system 
components of f referred to the indicated coordi- 
nate system 
g gravity vector 
g z g 
G gravitational attraction per unit mass 
nN geographic latitude 
r computed geographic latitude 
length of pendulum 
R Earth radius vector 
R R 
T tension 
Past oso: components of T referred to the geographic 
coordinate system 
1 Schuler period 
gy Foucault period 
ins ase gyro drift rates referred to the indicated coordi- 
nate system 
® angular velocity of the geographic coordinate 
system 
Wr, Wy, W components of @ referred to the geographic co- 
ordinate system 
® angular velocity of the indicated coordinate 


system 
fer ie components of @’ referred to the indicated 
coordinate system 
longitude rate XK cos X 
computed longitude rate X cos \’ 


w = geographic latitude rate 

w computed geographic latitude rate 
A Earth rate vector 

Q A 
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Subscripts 
r east 
n = north 
% 2 Cartesian components 


(1) Introduction 


AN ASPECT of the behavior of Schuler-tuned inertial 
navigation systems which has been of particular 
interest is the analogy which such systems display to a 
hypothetical Earth-radius pendulum. The analogy 
can be expressed by showing that under certain condi- 
tions, (single-axis model, nonrotating Earth) the 
stabilized platform of an undamped inertial navigation 
system indicates the vertical with an oscillating error 
that satisfies an equation of the form 


a+ (g/R)a = 0 (1.1) 
where the period of the oscillation is 
T, = 24VR g = $4 minutes (1.2) 


If the analysis of a practicable Schuler-tuned system, 
having compensation for Coriolis and centrifugal forces, 
is extended to a three-axis reference system, and the 
rotation of the Earth taken into account, a further 
parallel to a simple pendulum is found to exist in that 
the eighty-four minute error oscillations exhibit long 
period beats. This behavior is identical with that of a 
Foucault pendulum tuned to an eighty-four minute 
period. 

Error equations of the pendulum and navigation 
system problems show the analogy in cross-coupling 
terms which leads to the parallel behavior. The inertial 
navigation system does not exhibit the modulated 
oscillations if the interchannel inertial force compensa- 


tion is not mechanized. 


(2) The Foucault Pendulum 


A Foucault pendulum is a spherical pendulum set 
in motion in a plane and allowed to swing so that the 
effect of the rotation of the Earth is evident on its be- 
havior. It is found that such a pendulum oscillates in a 
plane which rotates with constant velocity around the 
vertical. The period of rotation is 


T, = 2r/Q sin dX (2.1) 


If the pendulum is observed with respect to a geo- 
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graphic reference system* with origin at the point of 
support, the projection of its oscillations on the x and 
y axes will have the appearance of beat waves with 
short period 

T, = 2nVR/g (1.2) 
and long period 


Ty = 2r/Q sin 


(3) Analysis of a Foucault Pendulum 
The total force acting on the bob of a pendulum is 
F = T+ mG (3.1) 
where T is the tension in the pendulum and G is the 
gravitational attraction per unit mass. Using New- 
ton’s second law, 


T/m+G=R\|, (3.2) 


where R extends from a fixed point in an inertial coordi- 
nate system to the bob. If Ris referred to a geographic 
coordinate system with origin at the surface of the 
Earth, at the point of support, then 


T/m+G=R+2Q2XR+2X(QXR) (3.3) 
The gravity vector g is defined by 
g=G—QX (Q X R) (3.4) 
Substituting Eq. (3.4) into Eq. (3.3) 
T/m+g=R+2Q2XR (3.5) 
Let R=R,+R, (3.6) 


where Ry extends from the center of the Earth to the 
origin of the geographic coordinate system and R; ex- 
tends from the pendulum point of support to the bob. 
Since Ry is a constant in the geographic system 


T/m+g=R,+2Q2XR, (3.7) 


If the length of the pendulum is 7, then for small oscil- 


lations 
R,; = ix + qW -+- kr (3.8) 
and the rectangular form of Eq. (3.7) is 
T,/m = & + 20% sin d 
T,/m = § — 20% sin d (3.9) 
T./m = 20% cosh — g 


The relations between the components of tension are 


T, = (x/r)T., Ty = (y/r)T. (3.10) 
From the third equation of (3.9) 
T./m + g = 207 cost = 0 (3.11) 


* A system of right-handed, orthogonal, Cartesian coordinates 
with origin at some point external to the International Ellipsoid 
of Reference, z axis normal to the Ellipsoid, x axis intercepting 
the Earth’s polar axis in a northerly sense, and y axis pointing 


east. 


SPACE 


1960 


SCIENCES—MAY, 


Substituting Eqs. (3.10) and (3.11) into Eqs. (3.9), 


QO = # + (g/r)x + 20% sin dr l (3.19 
0 = —20% sind + # + (g/r)¥f aie. 


The characteristic equation of this system is 


0 = pt + [407 sin? X + 2(g/r)] p? + (g/r)? 


(3.13) 
Its roots are 
+[Vg/r + Qsin ad 
p= 4 bid. Stdlnchanadaeg (3.14) 
+ [Vg r — Qsin d] 
and a solution of Eqs. (3.12) has the form 
x = Ao cos (NM sin )) sin Vg. rt\ , 
; ; : f (3.15) 
y = Apo sin (QM sin A) sin Vg rt 
If uw = x + vy, then 
u = Agsin Ve rt exp [70 sin d] (3.16) 


which is the equation of a vector in the x, y plane rotat- 
ing with constant angular velocity 2 sin \, and with 


amplitude .1 sin Vg, rt. 


(4) Inertial Navigation Systems 


A detailed treatment of the principles of inertial 
navigation is outside the scope of this discussion; how- 
ever, a brief description of the kind of navigation sys- 
tem being considered here will be given. 

A platform called the controlled member, connected 
to a vehicle through a set of gimbals, is given an initial 
alignment with respect to north and the horizontal. 
As the vehicle then moves through space in any man- 
ner, torque motors, driving the gimbals, maintain the 
platform with the same orientation relative to north 
and the horizontal. Latitude and longitude are com 
puted from the information processed. 

The controlled member mounts three single degree 
of freedom integrating gyros with input axes aligned 
along north, east, and along the normal to the plat- 
form. There are also two pendulous accelerometers 
with input axes aligned along the north and east 
directions. 

The system consisting of the controlled member, 
associated gimbal system, and three gyros alone, is 
sometimes referred to as a space stabilization system, 
or stabilized platform. It is capable of maintaining the 
controlled member with fixed orientation relative to 
inertial space when its gyros have no command signal 
applied, or of causing the controlled member to have 
three angular velocity components along the gyro in- 
put axes which are proportional to the respective gyro 
input signals. 

An inertial navigation system of the type analyzed 
here consists of a stabilized platform with additional 
elements to produce continuously the desired platform 
orientation with respect to the Earth, regardless of 


vehicle motion. To control the platform orientation, 
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three angular rate command signals are derived from 
the accelerometers and other elements and applied as 
torquing signals to the three gyros mounted on the 
platform. Feedback in this system consists of change 
of orientation of the controlled member, and, there- 
fore, of the accelerometer input axes. 

The accelerometers measure two components of a 
quantity called the specific force which depends on the 
gravitational attraction of the Earth and on the kine- 
matic acceleration of the vehicle. The specific force 
associated with any moving point is 


f=-a+G (4.1) 


where a is acceleration and G the gravitational attrac- 
tion per unit mass. The computation of the motion of 
the system depends on the kinematic term, while the 
selected platform orientation enables separation of the 
gravitational and kinematic components of specific 
force. 

A block diagram of an inertial navigation system is 


shown in Fig. 1. 


(5) Error Analysis of an Inertial Navigation 
System 


The system shown in Fig. 1 mechanizes the equations 
w,’ = —(1/R)(f,’ + w,’*R tan dX’ + 
20w,’R sin \’ + 2w,’R) (5.1 
° O.1) 
wo,’ = —(1/R)(f,’ — w'wn’R tan dX’ — | 
20w,’R sin \’ + 2QR cos X’ + 2w,’R) 


The angular rates of the controlled member are 
Y 


w,’ = &@ cos + a,’ j 
w,’ = —wry’ (5.2) 
w,’ = —Qsin dX’ — o,’ tan A, 


The mechanization equations (5.1) are postulated and 
then justified by analysis of the resultant system. 
The form of Eqs. (5.1) is based on (4.1) which becomes 


f= -R-2%xXR-aGXR- 

o X (o XR)+G (5.3) 
when referred to a coordinate system which is rotating 
with angular velocity w, and has its origin at the termi- 
nus of the position vector R from the center of the 
Earth. Eggs. (5.1) are obtained when Eq. (5.3) is re- 
ferred to a geographic coordinate system, the x and v 
components are solved for #, and @,, respectively, and 
the unprimed (geographic) quantities are replaced by 
primed (computed) quantities. In deriving Eqs. (5.1) 
certain small correction terms resulting from the 
Earth’s oblateness have been neglected. 

In Eqs. (5.1), terms in R are called Coriolis force com- 
pensation terms, and terms containing products of 
angular velocities are called centrifugal force compensa- 
tion terms, corresponding to the names usually given 
to the terms in Eq. (5.3) from which they arise. There 
is no essential difference in the nature of the Coriolis 
terms and centrifugal force terms, and their relative 
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Fic. 1. System block diagram. 


magnitudes depend only on the motion of the selected 
reference frame. 

In the case analyzed, the system will be assumed to 
be carried by a vehicle which flies at constant ground 
speed, and at constant altitude on a parallel of latitude. 
For this case, 


On = Wn = & = R=0 (5.4) 


The condition R = 0 reduces the Coriolis terms of 
Eqs. (5.1) to zero. The centrifugal terms remain, 
however, and the demonstration of Foucault pendu- 
lum-like behavior of the system depends on retaining 
the centrifugal force terms in the analysis. 

The conditions (5.4) are imposed for simplicity in the 
analysis and are not essential to the derivation of the 
system error equations. Using Eq. (5.4), the three 
components of specific force, referred to a geographic 
reference frame, which act on the system are 


fr = —2Q,R sin \ — w,?R tan r) 
ty =@ (5.5) 
fz = —2Qw,R cos r — w?R + g j 


The specific forces sensed by the accelerometers are 
related to the quantities in (5.5) by the transformations 


fr’ = cos (x’, x)f, + cos (x’, y)fy + 


oe 
cos (x’, 2)f, (5.6) 


f,’ = cos (y’, x)fr -- cos (y’, y)fy + 


cos (y’, 2)f. 


If the angular displacement of the indicated and 
geographic systems is small, then Eqs. (5.6) may be 
written 

fe’ =frt+ hy — Bf | (5.7) 
; P 0.6) 
fy’ = -vW tht af.§ 
where the angles a, 8, and y are the components of a 
vector rotation which would instantaneously bring 
-he geographic system into coincidence with the indi- 
cated system. 
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TABLE | 
System Oscillation Periods 
| ] 
| w knots T) hrs T., min T. min 
e | 2 3 
2000 east 6.13 99. 86 73.94 
= | | 
T 
0 : 23.93 87.68 81. 27 | 84.36 37. 09 
if 
‘hans west . 58 91. 04 78.78 84.47 | 19. 50 
T, = 2T,T/(T, + T,) = Schuler period 
T; = 2T TT, - 3) = Foucault period 
All values at X = 40° 
Substituting Eqs. (5.5) into Eqs. (5.7), 
f,’ = —2QH,R sin X — w,?R tan \ + 
B(2Qw,R cos \X + w?R — g) (5.8) 
e ° J0.¢ 
f,’ = y(22e,R sin \ + w?R tan dr) — 
a(2Qw,.R cos \ + w,?R — g) 
Combining Eqs. (5.1) and Eqs. (5.8) 
@n’ = (2Q8, sin X — 20,’ sin X’) + 
(w,? tan AX — w,’? tan X’) — 
B(2Qw, cos X + w,? — g/R) (5.9) 
o.% 


~ 


= —y(2Qw, sin \ + w,” tan A) + 
a(2Qw, cos X + w,” — g/R) + 
20w,’-sin \’ + w,’w,’ tan dr’ 


We 


The set (5.9) can be reduced to a set of linear equa- 
tions by the following procedure: put 


a ee She eed 
6@», =a ~~ Be By 
Ss hep ; i 
0W, = We — We = W, 
bw» = Wn’ a. Wy’ (5.10) 
/ 
OW, = We — We 
o\ =2X’—A 
Then 
20Qw,’ sin \’ = 2Q(w, + dw.) sin (A + 6A) 
= 2 Qw, sin X + 22 dw, sin A’ + (5.21) 


20w,6X cos 


if terms containing products, and powers of 6’s higher 
than the first, are neglected. In the same way, 


w,’2 tan \’ & w,” tan A — 2w,dw, tan AX + 
bAw,? sec? A (5.12) 
20Qw,,’ sin X\’ & 206w,, sin r (5.13) 
@,'w,’ tan \’ & w,dw, tan dr (5.14) 


Replacing the corresponding terms in Eqs. (5.9) by 
Eqs. (5.11), (5.12), (5.13), and (5.14), 


60, = —dw,(22 sin X + 2w, tan A) — 
6\(2Qw, cos AX + w,? sec? A) — 


B(22w, cos + w.? — 8/R)\ (5 15) 
6a, = dw,(22 sin \ + w, tan A) + 5.15 
a(2Qw, cos \ + w,? — g/R) — 


7(2Q, sin X + w,”? tan d) 
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The differential equations (5.15) contain six vari- 
ables. Four additional equations are obtained from 


the definition 


Wn — wn = (d/dt)(rX’ — d)) aot 
bu, = dh f (5.16) 
and from the relationships connecting the error angles 
The vector error angle e, which defines the relative 
orientation of the indicated and geographic coordinate 
systems, has a rate of change which is given by 


de/dt = wo’ — o (5.17) 


where w’ is the angular velocity of the indicated co- 
ordinate system and w» the angular velocity of the geo- 
graphic coordinate system. If w is given in geographic 
coordinates, and w’ in indicated coordinates, then 
Eq. (5.17) can be written in indicated coordinates by 
resolving the components of w into the indicated 
system. Using the same transformation as in Eq. 
(5.7), Eq. (5.17) may be written 


a@ = w,' — w, — Yo, + Bw», 

j 3 
B= a, — @ — aw, + yw; (5.18) 
y =.’ — w: — Bw, + pee, 

For the stated conditions (5.4) 

w, = Qcosr + ow, ] 

w, = 0 (5.19) 
w, = —Qsin XA — w, tan I 


(5.2), and (5.19), and adding the 


U,, and U,, 


Using Eqs. (5.18), 
gyro uncertainties U,, 


a = Qcos \’ — cosdA) + w,’ — w& — 
B(Q sin \ + w tan A) + U, 


B = —w,’ + a(Q sin’ + w, tan A) + 
y(2QcosX + w) + U, (5.20) 
y = —QXsin \’ — sin A) — 


(w,’ tan \’ — w, tan A) — 
B(Q cos + w,) + U, | 


Neglecting second-order terms as before, Eqs. (5.20) 
simplify to 
a = —6d sin \ + dw, — \ 
B(Q sin X + w tan A) + U, 
B = —dbw, + a(Q sin \ + w, tan A) + (5.21) 


y(Q cos X + w,) + U, 
y = —6A(Q cos AX + w, sec? A) — 
dw, tan X — B(QcosA + w,) + U,z 


The six equations (5.15), (5.16), and (5.21) may now 
be solved by any of the usual methods for the solution 
of systems of linear differential equations of the first 
order. 

Written as a single matrix equation, the system ap- 
pears as in (5.22). All analytical methods for the solu- 
tion of such an equation require the determination of 
the characteristic values of the six-by-six matrix. To 
see this, note that if the Laplace transform is applied 
throughout, Eq. (5.22) could be written with zero on 
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the left-hand side and an element — p added to each di- 
































ari- N Pa 
nN nN nN 
eon a _ = agonal element of the six-by-six matrix. The system 
could then be solved by Cramer’s rule, and an inversion 
back into the time domain would require a knowledge 
16) of the zeros of Eq. (5.23). Reduction of the deter- 
minant in (5.23) yields the characteristic equation 
‘les ; (5.24). The zeros of this equation are the angular fre- 
tive | quencies of the various system oscillations. A com- 
ate t L plete solution of (5.22) will not be given here; however, 
| ' : ~~ ' the characteristic values are found for some special 
- : cases listed in Table 1. 
17) F + 
; I | 
co- r= «a € : (6) Conclusion 
eo- | | —_ , . is — ; ‘ 
Se Examinatian of the characteristic equation (5.24) 
hic ie T T T T ] T T T | re see 
| ! | ! | I | ! 1 | ‘ ° 
aie 7 oe ee a a a shows the following: 7 . 
nae 2, a ae (ao 2: FY (a) The second factor of the characteristic equation 
2 s \ { \ { . : . : 91° 
me io eS ee ae i f | 3 > is a generalized form of the right-hand side of (3.13), 
1 _ | a | \ Bical F , mo ors é 
oq Pee Oe Oe se ee ies a ae So and becomes identical with it if w, = 0. This circum- 
sis | I ! 5; 3% | ! | , *% . 5 
ot ot ot gt eo ee ee ~ stance shows the analogy with the Foucault pendulum 
I cl ! !ot iat | \ I - : a - 2 
a) an ae a Sr robes analyzed in Section (3). 
. © © & | ! 3 eet i J . 
--j--14--L-4--1-- --4--4--L-4--1__ » (b) The zeros of the second factor are (neglecting 
' 
8) ; ce ee A , ee © s - second-order terms) 
' ~ | | 1 | | i \ \ | | = 
f ! I ! | | | | ! I | 
vi ! i t. i I | {<i | . / . 
i ot tet ‘Sm 4 > b f+7z[V g/R + (2 + w@ sec A) sin A} 
i al | > 1 my @f bd | | ! vi | < = 4 / 
| | 1 I . = a | \ | 1 = , a i ‘ _ _ 
2 Fae ff Psy 7 = l+i[Ve/R (Q + w, sec A) sin A} 
*} | 121 1 8 7 I \ | \ ' 
t ! | ial be \ \ | \ | . 
! ! | | om | | | | | ° ( 
9) ye eee 7. eee 2 if (2 + w, sec \) < Vg/R 
Sapa a SER Se eS pee . 
i ) 1 1 i 1 ' i 1 d ; J ; 
| ‘ot | F-4 i oo oe - The zeros lie slightly above and slightly below the 
” roe 2 | [sas & ow , eighty-four minute points on the imaginary axis. The 
Ler es “a 7h uh ak S system error angles, therefore, contain two sinusoidal 
+ a ee : oy th es : : . . 
(ee bot fs 2 ee ee a components having almost the same frequency, which 
; 8 I ! «tl , 0 \ 1 a 
rel toy 3 an a = together produce a beat wave. 
' ! j | 7 | | { ; =< r . . ° 
; re. be 4 i or © a4 a (c) The period of the modulating wave is 
a ee RY ee ae ee ee ee eee Sern - 
)) ! | ! ! ' ! 1 ! i 1 * be : 
2 FP TS ? a Ge ee oe - T, = 2r/(Q + w sec dA) sin A 
! ! ! | as 2 1 I ' ! oon = 
“lh ) ) 1 | Z oe | | | | , 2 — p " . 
' Rae ae" eas ee where (Q + w, sec A), the celestial longitude rate, is the 
I i? i fees ie Le Rae = total angular velocity of the geographic reference sys- 
Se ae oe a. g |) oo oe ee : tem for the case considered. 
a. oe oe = a. a : (d) The first factor of the characteristic equations 
pos Se Se oe Se Ae oe Pee com Ae : shows that the system also has a pure sinusoidal oscilla- 
! | 1 1 | ! | - ° ° ° 
eo oo ee fr ototot | ~ tion with period 
a ! \ 1 1 <| i I I 1 * 
f ! | | I i a1 1 I { ! 77 
no oe SG oe a on T, = 2r/(Q + «w, sec A) 
| | ! ! : ! 1 ! | ; < 
) Me ae ee ee ee Se eS ER ow ’ " 
| oe! 2 ey a a oe ee . Table 1 summarizes the numerical results for the 
I 2 oa oe 7 <a ta 8 = cases 2,000 knots east, zero velocity, and 2,000 knots 
j ' ! 1 I | | J | ! ! 7, = 
} 1 ! | ! I I \ ' | 1 tnttes west. 
; | I I ! I ul { I | ! ~ . ys ~ : . : 
' sity leceat) iaamter lanes dasa imate ciao: ‘ata’, Gaakie, asian Seater bata The conditions (5.4), which restricted the vehicle to 
! | ! | i | | | | | : ° ° . 
ae a, ao oe oe et oe a constant speed path on a small circle of latitude, were 
Ve | | er. a ' - } ee a 
7. a 2 ao . assumed in order that the coefficients of (5.22) should 
fie oo S22 i oe oe oe $ be strictly constant and the theory of linear differential 
+i (ae ba > equations with constant coefficients be applicable. If 
a ae oo cae 4 2 4 —- general maneuvers of the vehicle are allowed, (5.22) 
Bede bed j fhe ice a must be generalized so that the coefficients are appro- 
——— a 1 1 1 rl 1 rl 1 rw 4 ‘ ‘ . ° 
‘ priate functions of the rates and accelerations. This 
' . . . 
1 = can be accomplished by starting with the complete 
a 4 4 specific force expressions instead of the abbreviated ex- 
, a ME 56 ok 
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Sweepback Effects in Turbulent 
Boundary-Layer Shock-Wave Interaction 


R. J. STALKER* 
University of Sydney, Australia 


Summary 


Experiments are reported on the interaction of turbulent 
boundary layers and shock waves with sweptback configurations. 
They show that the peak pressure rise at separation, the up- 
stream influence ahead of separation, and the pressure rise at re- 
attachment for moderate sweep angles can all be understood by 
simple extensions of available two-dimensional theories. 


Symbols 

Pp = static pressure 

6 = undisturbed boundary-layer thickness upstream of in- 
teraction 

h = step height 

M, = upstream normal component of Mach number 

@ = inverse logarithmic decrement of upstream influence 

a = sweep angle 

U = normal component of mainstream velocity 

ba = ‘‘base’’ pressure 

py; = pressure after reattachment 

M, = normal component of Mach number immediately be- 
fore reattachment 

M = = normal component of Mach number on dividing stream 
sheet 

Subscripts 
1 = undisturbed conditions upstream of interaction 
2 = conditions downstream of interaction 


(A) Introduction 


8 gen after considerable effort have most of the 
phenomena observed in the interaction of a shock 
in a supersonic mainstream with an adjacent boundary 
layer been understood, and studies have naturally been 
directed at the simplest two-dimensional problems. As 
a result of these studies, the processes involved are now 
understood sufficiently to warrant an approach to the 
interaction problem in three dimensions. 

When the boundary layer is laminar, this approach 
may be expected to be predominantly theoretical, for 
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indeed, there has already been considerable success in 
obtaining solutions to the laminar boundary-layer 
equations alone for useful three-dimensional configura- 
tions.' However, interest is here centered on the tur- 
bulent boundary layer, in which case no such promise 
of a successful theoretical approach exists, and knowl- 
edge of three-dimensional effects must be derived from 
experimental evidence. 

The two special complicating features of a general 
three-dimensional interaction are the cross flow within 
the boundary layer and the fact that changes in flow 
quantities occur in both of any two mutually perpen- 
dicular directions parallel to the surface on which the 
interaction is taking place. The present study was 
concerned with the effects of cross flow, whence it was 
decided to confine attention to configurations for which 
the flow pattern was invariant in one of the directions 
parallel to the surface. Such configurations are said 
to possess cylindrical symmetry, and are exemplified 
by the straight swept wing of infinite span. Though 
interesting cross-flow behavior was observed, it was 
found that important aspects of separating and re- 
attaching flows could be understood, using appropriate 
extensions of two-dimensional theories, without specific 
reference to the cross flow. 

Treating the separation phenomenon first, the experi- 
ments clearly showed two features variant to sweep- 
back. The first, the peak pressure rise, decreased with 
increasing sweep angle in a manner such that it was 
approximately dependent only on the normal compo- 
nent of Machnumber. This was seen to accord with an 
approximate two-dimensional theory, due to Crocco 
and Probstein,? which was extended to the sweepback 
case. The second feature was the upstream influence, 
or the rate at which pressure decreases with distance 
upstream, and this was found to increase with sweep 
angle in a manner consistent with a two-dimensional 
small perturbations theory, due to Lighthill,* which 
was found to apply to the sweepback case. 

The experiments on reattaching flow were concerned 
with the effect of sweepback on the reattachment pres- 
sure rise behind a swept, back step of height such that 
this pressure rise was independent of step height. For 
moderate sweep angles, this was again found to be 
roughly dependent only on the normal component of 
upstream Mach number, in agreement with a two- 
dimensional theory proposed by Chapman‘ and Korst,° 
which was extend°1 to swept configurations. 
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(B) Separating Flow 


(1) Experimental Configurations 

The tests were conducted in a 6 X 3 in. intermittent 
blowdown type wind tunnel, at JJ = 2.36 and a 
Reynold’s number of 9 X 10° per in. 

The experimental configurations are shown in Fig. 1. 
Fig. l(a) represents a step attached to a rotatable 
steel plate, which replaced the window at the test sec- 
tion on the 6 in. sidewall of the tunnel. Both the height 
and sweep angle of the step were varied, and pressure 
distributions taken along a line normal to the step 
face, meeting it at the centerline of the sidewall. 

Fig. 1(b) shows a flat plate, with leading edge swept 
at 45°, mounted to span the 6 in. dimension of the test 
section. Steps of varying height were mounted on the 
plate, with upstream step face parallel to the leading 
edge, and pressure distributions were obtained along 
the tunnel centerline and traverse lines parallel to it 
1.5 in. on either side. In order to avoid choking of the 
flow on the underside of the plate, and consequent 
‘spillage’ onto the upper, testing surface, provision 
was made for expanding the flow there by the step in 
the sidewall shown in the figure. China film tests on 
the sidewall confirmed that this was effective. 

Fig. 1(c) shows a wooden ramp attached to one of the 
contoured nozzle liners. This ramp formed a sudden 
change in angle at the surface of the liner, generating an 
ordinary two-dimensional oblique shock, which made 
an interaction at the sidewall with sweep angle equal to 
the shock angle. This interaction was investigated 
using pressure plotting, and was utilized to provide in- 
formation on upstream influence at large sweep angles. 


2) Incident Boundary Layers 

(a) Tunnel Sidewall—Using the china film technique, 
it was first confirmed that cross flows within the side- 
wall boundary layer were sufficiently small to be dis- 
regarded, and then pitot traverses of the boundary 
layer were made at the test section, 0.2 in. and 1.7 in. 
to one side of the sidewall centerline. The Mach num- 
ber profiles obtained were identical, indicating a uni- 
form boundary layer, of thickness 0.25 in. One of the 
profiles is shown in Fig. 2. 

Swept Plate—China film tests on the swept plate 
indicated that the skin-friction direction was identical 
with the direction of the mainstream, and, from momen- 
tum considerations, it then follows that all the flow 
within the boundary layer is in the direction of the 
mainstream.’ Having established this, the Mach 
number profile was made the subject of a separate 
study,’ and the results of a pitot traverse of the bound- 
ary layer, at a streamwise distance of 4.65 in. from the 
leading edge, are presented here in Fig. 2.* Comparing 
these with the results of the traverse on the tunnel wall, 
it is seen that the Mach number profile is as in two di- 
mensions, and the results of the interaction studies in 
the two cases may therefore be directly compared. 


* These results are reproduced with the kind permission of the 


author of reference 7. 





It may be noted that this result supplements those 
of Ashkenas and Riddell,’ who have shown, at low sub- 
sonic speeds, that in a zero pressure gradient turbulent 
boundary layer initiated at a swept leading edge the 
flow is closely parallel to the mainstream, and the 


velocity profile is as in two dimensions. 


(3) Results 

Static pressure distributions obtained in the tests on 
the sidewall and on the swept plate are shown in Figs. 
3 and 4, respectively. It would be expected in either 
case that some part of the flow would be subject to an 
“end effect,’’ arising from the upstream junction of the 
step face with the adjacent nozzle liner, and, indeed, 
this is evidenced on traverse A in Fig. 4 by the large 
drop in pressure toward the step at a height of 0.150 in. 
However, Fig. 4 also shows that the spanwise distance 
over which this end effect is felt is reduced with step 
height, and therefore indicates that in seeking results 
which are free of end effects, a sufficient condition is 
that the shape of the pressure distribution curve is in- 
variant to a reduction in step height. The results for 
the two lesser step heights at traverse B and traverse C 
in Fig. 4, and at sweep angles of 45° and 57° in Fig. 3, 
are thus all free of end effects. The remaining results 
at lesser sweep angles in Fig. 3 do not show evidence of 
a large end effect, and since they are used only for de- 
termination of peak pressure, which, as may be seen 
from traverse A in Fig. 4, is not strongly sensitive to 
end effect, they may be regarded as adequate. 


(4) Peak Pressure Rise 

The variation of the peak pressure rise with sweep- 
back can be obtained from Fig. 3. For correlation 
with the theory following, the results should represent 
‘free’? separation, which takes place when the separa- 
tion is independent of the agency inducing it. 

First, at zero sweep, the results of other investiga- 
tors’ indicate that the peak pressure rise becomes in- 
variant to increasing step height, and is therefore 
representative of free separation, when h/é = 2.0, but 
is only a little below its ultimate value when h/é = 1.2, 
as in these tests. Further, at sweep angles of 45° and 
57° in Fig. 3, because the shape of the pressure distri- 
bution curve is unchanged by change in step height, 
the separation must be independent of the agency in- 
voking it, and free separation is therefore obtained 
when //5 = 0.5. Thus the step height necessary to 
yield a value of peak pressure corresponding to free 
separation decreases with increasing sweep angle, indi- 
cating that in the tests at sweep angles in the inter- 
mediate zone between 0° and 45°, the step height is 
adequate. 

These peak pressures are presented in Fig. 5, plotted 
against the normal component of upstream Mach 
number. Comparing these with the results obtained 
by other investigators in two dimensions, it is seen 
that, within the somewhat wide limits of the consistency 
of the results, a sweepback principle can be formu- 
lated—that is, the peak pressure rise is roughly depend- 
ent only on the normal component of Mach number. 
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Fic. 1 (a). Test configuration—step on sidewall. 
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Fic. 1 (b). Test configuration—step on swept plate. 





Fic. 1 (c). Test configuration—ramp on nozzle liner. 
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Crocco-Probstein Theory: Review—A simple theory, 
which may be readily extended to the sweepback 
case, has been presented for the two-dimensional 
Relying 
is as- 


free interaction by Crocco and Probstein.’ 

on evidence from schlieren photographs, it 
sumed that, as shown in Fig. 6, the outer edge of the 
boundary layer deflects sharply where it meets the 
shock, and that all the mainstream pressure rise takes 
place through the shock. Initial and final control 
surfaces ‘‘l’’ and ‘‘2”’ are taken at stations, a few 
boundary-layer thicknesses apart, where the pressure 
is approximately constant. Guided by an analysis of 
experimental results presented by Hammitt,'* the effect 
of skin friction, mass addition, and momentum addition 
are neglected in balancing the mass flow and momen- 
tum for the boundary layer between these two stations, 


and the equations 


m, = Me (1) 


for the mass flow, and 


bo 
~— 


(pe — fi) = 1, — le = fl — (ro r,U;)} ( 


for the momentum balance, are obtained. Here, 


5 é 
m = i) pudy and J = f pu” dy 
0 0 


where 6 is the boundary-layer thickness, y is distance 
normal to the surface, p is density, and u is velocity. 
p and UL’ are local static pressure and mainstream 
velocity, respectively, and r = J/mU is a convenient 
boundary-layer momentum ratio. 
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Fic. 6. Crocco-Probstein interaction model. 


Putting J = p,U*6l’, where p, is the mainstream 


density, Eq. (2) becomes 


p2o/pri = 1+ yM AL — (reU 2/7 U)) (3) 


The shock equations provide another relation between 
p2/pi, U2/Ui, and M,, and, hence, if J,’ is fixed by 
choosing an incident boundary layer of specific non- 
dimensional velocity and density profiles, the pressure 
ratio is dependent only on the incident Mach number 
and the final value of the ratio 72/7;.. Crocco and Prob- 
stein obtained a satisfactory correlation with experi- 
mental results with 72/7; constant. 

Sweepback Effect—The experiments have indicated 
the interaction in three dimensions to be similar 
in kind to that in two dimensions, and _ therefore, 
provided that changes in the flow variables over a 
distance 0(6) in the spanwise direction are negligible 
compared with changes occurring in the normal direc- 
tion, the model used above will be equally suitable here. 
Thus, using definitions of m, J, r, U, and M based 
on the normal component of velocity, Eq. (3) may 
be obtained as before. The shock relations between 
pe/pi, U2/U1, and M, are unaltered by sweep, so deter- 
mination of the pressure ratio rests on knowledge of J,’ 
and r2/7}. 

Two curves are presented in Fig. 5, one showing the 
variation of peak pressure rise with Mach number in 
two-dimensional flow, and the other showing the varia- 
tion of peak pressure rise with normal Mach number 
for swept configurations. For both these curves, 
I,’ is obtained by assuming uniform total temperature 
across the boundary layer, together with a 1/7 power 
law velocity distribution, while r2/r; is assumed con- 
stant, thereby arbitrarily extending the result of Crocco 
and Probstein to the sweepback case. The actual value 
of r2/r; is here chosen to yield the experimentally ob- 
served pressure rise at zero sweep. Two points are il- 
lustrated by these curves. First, between themselves 
they support the experimental approximation that the 
peak pressure rise is dependent only on the normal com- 
ponent of Mach number, but indicate that at large 
sweep angles, this can be expected to be only a rough 
approximation indeed. Second, the close agreement 
between the experimental results and the sweepback 
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effect predicted by the theory confirms the assumption 
that r2/r; is unaffected by sweepback.* 

In retrospect, the result that 72/r; is independent of 
Mach number and sweepback angle is, perhaps, not so 
surprising. A feature common to nearly all theories 
regarding flow over a blunt base or a back step in a sur- 
face is that the pressure there, normally referred to as 
the ‘‘base’’ pressure, is controlled by the pressure rise 
at reattachment, and hence by the momentum distribu- 
tion in the mixing layer approaching the reattachment 
zone. Therefore, when the step height is such that the 
length of the mixing layer is sufficient to allow an 
equilibrium mixing layer profile to form, further in- 
creases in step height will not alter the base pressure, 
and the ‘‘asymptotic’’ step height will have been 
achieved. In practice, this occurs at a step height which 
is somewhat less than the upstream boundary-layer 
thickness, implying that the internal mixing forces are 
strong enough to effectively complete the change to a 
mixing layer profile in only a few boundary-layer thick- 
nesses. These same mixing forces are also acting to 
produce a mixing layer profile in the region downstream 
of a separation, and hence may be expected to be ef- 
fective over a distance small enough for skin friction, 
and mass and momentum addition from the main- 
stream, to have little effect. The profile at station 
‘“*2" may therefore be expected to be fairly close to an 
equilibrium mixing layer profile, yielding a value of r2, 
which is not strongly dependent on Mach number nor, 
from the discussion in Section (C.2), strongly depend- 
ent on sweepback effects. 

Local Sweepback—lIn view of the strong mixing forces 
discussed above, it will be expected that 72 will not be 
very sensitive to small departures from cylindrical 
symmetry in the region near separation, and the theory 
should therefore predict the peak pressure rise at a 
curved separation line, provided the radius of curvature 
is large compared with the incident boundary-layer 
thickness. Two results are presented in Fig. 5 where 
the separation line, as indicated by the china film 
technique, was far from parallel to the step face in 
the region where the pressure traverse was taken. 
When these results are plotted using the local sweep 
angle of the separation line, they are seen to be con- 
sistent with the theory. 


(5) Upstream Influence 

Apart from the peak pressure rise, a noteworthy fea- 
ture displayed by the pressure distributions of Fig. 3 
is that the distance over which the pressure rise takes 
place increases with sweep angle. This distance is 
connected with the upstream influence treated by 
Lighthill® in a two-dimensional small perturbations 
theory of shock-wave boundary-layer interaction, and 
by showing below that this theory also applies to the 
flow normal to the line of sweepback, a means is pro- 
vided for correlating the results 





* In fact, the agreement between theory and experiment is so 
close as to suggest mutual compensation of the sources of error 
engendered by the crude nature of the theory itself. 


AERO/SPACE 


1960 


SCIENCES MAY, 

Theory—The basic, unperturbed flow assumed by 
Lighthill was parallel to the surface, with all deriva- 
tives in that direction equal to zero. A similar basic 
flow may be assumed for the sweepback case, with the 
interaction generated in such a way that although the 
isobars are straight and parallel, they are oblique to 
the incident flow—in fact, just as though the interac- 
tion were taking place on an infinite swept wing. 

Lighthill pointed out that in a small perturbations 
type of analysis, disturbances to the viscous forces in 
the boundary layer would be negligible compared with 
disturbances to the inertia forces, except in a thin 
layer adjacent to the surface, where the flow could be 
taken to be incompressible. The boundary layer 
could thus be treated in two parts—an outer, rota- 
tional, inviscid layer, and an inner, viscous incompres- 
sible layer which provided the effective wall boundary 
conditions for the outer layer. 

The behavior of the inner, viscous layer is, of course, 
subject to the Navier-Stokes equations which become, 
for steady incompressible flow in two dimensions, 


(Ou/Ox) + (Ov/Oy) = O 

p[u(Ou/Ox) + v(O0u/dy)] = 
—(Op/Ox) + w[(O°u/Ox") + (O7u/dy?)| > (4) 

p[u(Ov/Ox) + v(dv/dy)] = | 
—(Op/dv) + u[(0*v/dx?) + (0°x/dy?)] 

where x and y are coordinates parallel and normal to the 

surface, respectively, and u and v are corresponding 

velocities. Lighthill showed that 


yielded the boundary condition for the outer, inviscid 
layer that the surface may be regarded as displaced to 


these equations 


y = 0.78[60,,/U"(0)] 1/8 


and, more importantly, the Mach number of the basic 
flow at the surface may be taken as 


M, = 0.78M'(0) [6%/U"(0)|'" (5) 
Here p, is the kinematic viscosity at the surface, .1/’(0) 
and U'(0) are the gradients, normal to the surface, of 
the Mach number and velocity there in the basic flow, 
and @ is the inverse logarithmic decrement of the up- 
stream influence, being the distance over which the 
perturbation pressure is reduced by a factor e~'. 

In the sweepback case, because the flow possesses 
cylindrical symmetry, and all derivatives with respect 
to the spanwise coordinate are zero, the equations for 
the inner viscous layer are identical with Eq. (4), with 
x and u now measured normal to the line of sweepback. 
Lighthill’s analysis therefore applies, leading again to 
Eq. (5), with M, now interpreted as the component, 
normal to the sweepback line, of the Mach number at 
the effective surface, and 1/’(0) and U’(0) as gradients 
of the components of Mach number and velocity in the 
same direction. 

The outer, inviscid layer was treated by Lighthill as 
a steady rotational flow of an inviscid non-heat-conduct- 
ing fluid, and he showed'*® that when small perturba- 
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tions of the flow variables are taken, the equations of 
the flow in two dimensions become 


[1 — M*(y)](Op/Ox) = ypiM?(y)(On/Oy) 
M~*(y)(Op/oy) = 


(6) 
— ypi(On/Ox) 
where p is the pressure, p; its upstream value, 7 is the 
local direction of flow, and /(y) is the Mach number at 
distance y from the surface. Then, using these equa- 
tions, together with the boundary conditions at the 
effective surface, and the condition that deflections and 
pressures at the outer edge of the boundary layer must 
match those in the mainstream, he derived the expres- 
sion for the inverse logarithmic decrement® 


6 = (M,?/B)(1/M'(0)M,] + 

(6/8)} [1/(1 — 2n)] — My? + [62/(1 + 2n)]}f (7) 
for a boundary layer whose undisturbed Mach number 
profile is given by 


1[M’(0O)y]-? + [Mi(y/8)"]-2}-? (8) 


M(y) = 
§is the boundary-layer thickness, 1; is the mainstream 
Mach number, and 8 = VM: — 1. 

In considering the outer, inviscid layer in a sweptback 
interaction, the condition that spanwise derivatives 
are zero can be shown to yield basic equations of the 
flow which are as in two dimensions, and thus, when the 
perturbation equations are derived by following Light- 
hill’s procedure, these are found to be identical with 
Eq. (6), with 1/(y) and 7 now interpreted as components 
normal to the line of sweepback. The relation between 
deflection and pressure for the normal component of flow 
in the mainstream at the outer edge of the boundary 
layer is as in two dimensions, and therefore, when the 
boundary conditions at the effective surface are used, 
the perturbation equations will yield an expression 
identical with Eq. (7) for the upstream influence in the 
sweepback case, with all Mach numbers interpreted as 
components normal to the line of sweepback. 

To determine n, Lighthill used the formula n = 
(1/7) + (1/70) M,? based on a 1/7 power law, and_the 
assumption of constant stagnation temperature across 
the boundary layer. The same assumptions for the 
undisturbed boundary layer in the present case lead to 
the formula 


n = (1/7) + (1/70) M,? cos? a (9) 


The inverse logarithmic decrement can now be ex- 
pressed as a function of Reynolds’ number, mainstream 
Mach number and sweep angle by using the formula 
for the resultant skin friction® 


> asa) ;arn per aaa 
~ & R; i ¢ T)°-% 


tT = 0).029 p,U,? cos 
together with the relations 


be fh = (Te iy, Pu/ Pl = 7 oe 


T/T, = 1 + 0.18M? cos~? a 


Here R; is the Reynolds number based on boundary- 
layer thickness, U; is the normal component of main- 
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Fic. 7. Effect of sweepback on upstream influence 
stream velocity, 7’ is the absolute temperature, u is the 
coefficient of viscosity, and subscript w signifies condi- 
tions at the surface. Using these relations, together 
with Eqs. (5) and (7), and remembering that y,,U/’(0) 
= 7 cos a, it is found that 


» 


6/5 = (470/8)R; todas 1 P 7;)22(cos'’? a)(0/5)'/> + 


(1/8)} [1/(1 — 2n)] — My? + [62/(1 + 2n)}} (10) 


This is shown plotted in Fig. 7 for the conditions of the 
present experiments, the value of @ at a = 60° being 
used as a reference length. As outlined by Lighthill, 
the theory is not expected to apply for small values of 
6, whence the doubtful part of the curve is shown by a 
broken line. 

For comparison, the variation of @ with Mach number 
at the same 
As might be 


in two dimensions is also shown in Fig. 7, 
Reynolds number as in the present tests. 
expected, the fact that, in the sweepback case, the nor- 
mal component of flow has lower boundary-layer Mach 
numbers associated with a given mainstream Mach 
number than in two dimensions, leads to a larger up- 
stream influence, but in both cases there is a similar 
type of dependence on the normal component of main- 
stream Mach number. 
Comparison With Experiment 
son between theory and experiment, it should be noted 
at the outset that the experimental results are for sepa- 
rating flows, and therefore involve large perturbations 
For this reason, only a 


Making the compari- 


of the basic boundary layer. 
rough correlation will be expected. 

The experimental estimates of 6 were obtained by 
drawing a straight line parallel to the pressure distribu- 
tion curve in the region of constant pressure gradient, 
and measuring the distance, along the line of the pres- 
sure traverse, for the pressure ratio on this straight line 
to rise from 1:10 to 1:27; that is, for the perturbation 
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pressure to increase by a factor e. In this manner, 
values were obtained which were associated with the 
flow upstream of the separation, where the disturbances 


were not too large, and yet which were defined with | 





reasonable accuracy from a sufficient number of ex- | 
perimental points. 
It is seen from the figure that theory and experiment | 
agree as well as may be expected. 
f 

f 


(C) Reattaching Flow 


(1) Experiment 

The tests on the reattachment over a sweptback step 
were conducted by placing a plate, of uniform thickness, 
on the tunnel sidewall. This extended upstream into | 
the subsonic portion of the nozzle, as shown in Fig. 8 | 
and was terminated at the test section in such a way J 
that it formed a back step with the desired sweep | 
angle. Then, by replacing the window at the test sec- 
tion by a rotatable steel plate carrying a line of static | 
pressure orifices, it was possible to measure the varia- 
tion of static pressure along a, number of traverse lines | 
immediately downstream of the step face. From these [ 
measurements, the variation of the base pressure and : 
a number of isobars in the reattachment zone were ob- | 
tained for a spanwise distance of about 1.5 in. mid- | 
span. 

The results, which are presented in detail in reference 
6, showed isobars which were parallel to the step face, 
together with a very slow spanwise variation in base 
pressure. It was therefore possible to estimate values 
of the base pressure corresponding to cylindrical sym- 
metry with an expected accuracy of +0.02 on pressure 
ratio, and it is these values which are plotted in Fig. 9. } 

For comparison with the theory presented below, it 
was desired that the ‘‘asymptotic’”’ step height, or the 
step height such that further increases did not affect 
the base pressure, should be obtained. The majority of 
the results in Fig. 9 are for step heights of 0.21 in. and 
0.33 in., and these show no consistent difference, while 
a further check at zero sweep with a step height of 0.68 
in. yielded the same base pressure, whence it is con- 
cluded that the asymptotic step height was indeed 
achieved. 

Results obtained by other investigators* |‘ in two 
dimensions are also presented in Fig. 9, and it is seed 
that the base pressure ratios at zero sweep for the 
present tests are about 0.07 greater than would be ex- 
pected. Comparison with the test conditions of the 
other investigators suggested that the present results 
may be much more prone to a heat-transfer effect, 
arising from incomplete temperature recovery in the 
boundary layer and the thermal inertia of the walls, 
and, to check this, a wooden replica, of step height 
0.46 in., of the zero sweep configuration was made. 
This was mounted on a wooden backing piece extending 
roughly 9 in. downstream of the step, and when tested, 
yielded a pressure ratio reduced by 0.05. It was there- 
fore concluded that the present results were indeed 
subject to a heat-transfer effect, which must be. ac- 
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SWEEPBACK 


counted for in comparing with the theory presented 


below. 


(2) Theory 

Chapman-Korst Mechanism: Review—The nature 
of the flow immediately downstream of the step is illus- 
trated in Fig. 10. The flow deflects 
through an expansion over the salient corner of the 
step, and flows adjacent to a recirculation region which 
is separated from the mainstream by a mixing layer. 
The recirculation region is terminated by reattach- 
ment, and the magnitude of the pressure rise supported 
by this reattachment dictates the base pressure. 

In two dimensions, the base pressure can be deter- 


mainstream 


mined according to a mechanism proposed independ- 
ently by Chapman‘ and Korst.* Since the mass flow 
scavenged from the recirculation region by the mixing 
layer will be balanced by that returned through the re- 
attachment pressure rise, a dividing streamline must 
exist, separating the recirculating flow from that which 
passes downstream. Assuming that viscous effects may 
be neglected during the recompression along the divid- 
ing streamline, it then follows that the total pressure 
there must be just sufficient to penetrate the recom- 
pression zone, and is therefore equal to the final static 
pressure when the recompression is complete—.e., 


by = pall + (Cy — 12)/2)}VO-P “1 


For turbulent mixing, by considering a simplified form 
of the mixing layer equations, Korst obtained a rela- 
tion between J7 and M, when the streamwise length of 
the mixing layer was large, and was thus able to provide 
an expression for pa/p; in terms of \/,. Mainstream 
relations then allow this ratio, or pa/p1, to be determined 
by the upstream Mach number. 

Sweepback Effect—A configuration with cylindrical 
syminetry is now envisaged, and, since the flow in all 
planes normal to the step face and the surface is identi- 
cal, Fig. 10 may be taken to represent the flow in any 
such plane. The dividing streamline then represents 
the trace, in the plane, of a dividing stream sheet which, 
as before, separates the flow with a recirculating com- 
ponent from that which passes downstream, and which 
meets the surface at a line parallel to the step face. 

Following Chapman and Korst, it is assumed that 
viscous effects at the dividing stream sheet may be 
ignored during the recompression. The spanwise flow 
then has no effect on the normal flow, and the normal 
flow behaves exactly as in two dimensions. Eq. (11) 
then applies, with J7 now signifying the component of 
Mach number on the dividing stream sheet normal to 
the reattachment line. If ./, is now interpreted as the 
corresponding mainstream component of Mach number, 
arelation between J/ and M, will, as before, permit the 
dependence of pa/p1 on upstream flow conditions to be 
ascertained. 

As in two dimensions, this relation is obtained by 
considering a constant pressure mixing layer, which is, 
however, initiated at a swept leading edge. In the case 
of a laminar mixing layer, it is readily shown,® by fol- 


oi 


“ 
ur 
S 


EFFECTS 


lowing Moore," that leading-edge sweepback has no 
effect, and in any streamwise plane normal to the sur- 
face the boundary layer develops as in two dimensions. 
Unfortunately, the turbulent mixing layer is not amen- 
able to theoretical consideration, nor are any experi- 
mental results available showing the effect of a swept 
leading edge. It is therefore necessary to be guided by 
the results for the turbulent boundary layer in Section 
(B.2), and this leads to the view that the flow in the 
mixing layer is parallel to the mainstream, with Mach 
number distribution identical with that in two dimen- 
sions. Thus, for zero heat transfer, the results of 
Korst’s calculations for two-dimensional mixing may be 
used, yielding a relation between MW and M, for any 
given resultant mainstream Mach number immediately 
upstreani of the recompression. 

Calculation of p4/p; may now proceed by a trial and 
error process. Alternatively, as pointed out by Chap- 
man, negligible error is involved in assuming the re- 
compression in the mainstream to be isentropic, and 
some algebraic manipulation, following the procedure of 
reference 4, then produces the explicit expression 


(pa/py"-?"" = 


more sears saga OI 
1+ [(y — 1)/2]M)? cos? a 
where 7 is the ratio between the velocity on the divid- 
ing stream sheet and the mainstream velocity. 
This relation is plotted on Fig. 9, and as the sweep 
angle is increased it is seen to diverge from the corre- 
sponding two-dimensional theory of Korst. 


3) Comparison of Theory With Experiment 

Heat-Transfer Effect 
at zero sweep indicate that the experimental results are 
unfortunately subject to a heat-transfer effect, and 
some adjustment to the theory must be made to indicate 
how this is influenced by sweepback. 

Maintaining the assumption that viscous effects may 
be ignored during recompression, Eq. (11) remains 
valid, and the base pressure is seen to be influenced 
through the effect of heat transfer on 17. Now, the 
difference between the lowest value of the boundary- 
layer recovery temperature during a test, and the am- 
bient temperature of the tunnel walls, is no greater than 
35°C., whence the temperature differences involved in 
the heat transfer are small, and the changes induced 
may be regarded as small perturbations of a basic flow 
with zero heat transfer. AM, the change in J/, has, 
therefore, a zero pressure gradient boundary-layer type 
of dependence on the basic flow. This basic flow has 
already been taken as insensitive to leading-edge sweep- 
back, and may also be expected to be negligibly af- 
fected by the small changes in resultant mainstream 
Mach number occasioned by the sweepback, wherefore 
it follows that AJ is independent of sweepback. 

Thus, Eq. (12) may be used to compute the value of 
AM required to cause the observed change in pa/p; at 


As pointed out above, the tests 
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zero sweep, and this amount added to the zero heat- 
transfer value of / at any other sweep angle, to calcu- 
late the value of pa/p; with heat transfer. The result- 
ing corrected curve is shown in Fig. 9, and, allowing 
for the experimental error in determining the effect of 
heat transfer at zero sweep, it is seen to be consistent 
with the experimental results up to a sweep angle of 
about 40°. 

It may be noted that at a sweep angle of 42°, the ex- 
perimental value of p4/p, is slightly below that expected. 
This is indicative of a trend which was more pro- 
nounced in other, much less accurate results, obtained 
at larger sweep angles, which are not presented here. 
Therefore, there is reason to expect that the present 
analysis will not be effective at large sweep angles. 


(D) Conclusions 


In previous theoretical approaches to compressible 
boundary layers with sweepback it has been found that, 
because of the interdependence of the spanwise and the 
chordwise flow, it is not generally possible to use simple 
extensions of appropriate two-dimensional theories. 
Nevertheless, the present investigations have shown 
that this can be done for certain important features of 
turbulent boundary-layer shock-wave interaction in 
supersonic flows. 

For the first of these features, the peak pressure rise, 
a discontinuity analysis due to Crocco and Probstein is 
used. In this the influence of the boundary layer is 
incorporated through certain momentum parameters 
upstream and downstream of the interaction, which, as 
indicated by experimental evidence, adjust so rapidly 
through the interaction that they may be taken to have 
their zero pressure gradient values. Extension from 
two dimensions to the sweepback case may therefore 
be effected without regard to details of the interaction 
process—specifically, without regard to interdepend- 
ence in development of the spanwise flow and the flow 
normal to the line of sweepback. 

The upstream influence is treated in Lighthill’s small 
perturbations theory by considering the boundary layer 
in two parts—an outer layer of rotational but inviscid 
flow and an inner layer where viscous effects are impor- 
tant but velocities are sufficiently low for the flow to be 
regarded as incompressible. Since a characteristic of 
each of these layers is that the flow normal to the line 
of sweepback develops independently of the spanwise 
flow, the theory extends simply to the sweepback case. 

The Chapman-Korst theory for reattaching flows 
rests upon the assumption of isentropic recompression 
along a “dividing streamline,’’ and this aspect has been 


discussed by the originators of the theory in reference 
16. Both are agreed that the probable reason for 
success of the theory in two dimensions is that the effect 
of the viscous losses which occur along the dividing 
streamline is compensated for by reattachment of this 
streamline before the pressure rise is complete, and the 
successful use of the theory here implies that this is 
equally true for cases of moderate sweepback. 
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On the Use of Normal Coordinates for the 
Solution of Lumped Parameter Transient 
Heat-Transter Problems 


M. E. GURTIN* 
General Electric Company 


Introduction 


Kies USE of normal coordinates in solving lumped 
parameter forced vibration problems has been a 
valuable asset to the vibration analyst. The same 
method may be applied to the lumped parameter 
transient heat-transfer Standard digital 
computer programs are available which will solve the 
Using a method such as 


problem. 


matrix eigenvalue problem. 
the serial Jacobi method,’ ? the eigenvalues and eigen- 
vectors of a 45 X 45 matrix can be obtained in about 6 
minutes on an IBM 704 computer. 

This report shows how the matrix eigenvalue problem 
for heat transfer is set up and how the eigenvalues and 
eigenvectors are used to construct the transient solution. 


Matrix Definitions 


| denotes a matrix 
ro the bar denotes a vector or column matrix 
{ ]* denotes the transpose 
[ ]p denotes a diagonal matrix 
(¢) the dot signifies differentiation with respect to time 
I is the unit diagonal matrix 


Basic Equations 
Using an electrical-thermal analogy, a set of linear 
differential equations with constant coefficients can be 
written for the system to be analyzed. The analogy 
is shown below: 


Electrical Thermal 
t= GE q = GT 1) 
i = BdE/dt) q = B(dT/dt) ( 


The conductance, G, and susceptance, B, for the 
thermal analogy are: 


G (conduction) = KA// 
G (convection) = A (2) 
B = C,Vp 


A portion of a typical thermal circuit is shown in 
Fig. 1. 

For the solution, it is desirable to employ heat flow 
equilibrium equations and solve for the temperatures. 
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This method is known as the nodal method and consists 
essentially in writing Kirchhoff’s current law at the 
nodes or junctions of the network. The number of 
independent nodes of a network is the number of junc- 
tions minus one.‘ The nodal equations for the node 


shown in Fig. 2 are: 


=q = 0 (3a) 


doa = i ca : Yaa + Yea + da gnd + da = 0 (3b) 


(Ty — Te)Goa + (Te — Ta)Gea + (Ta — Te)Gaa + 


(fz. T.)Gea — (€T,/dt)Bg + = 90 (8c) 


If a nodal analysis is carried out for a complete net 
work, the result will be a set of simultaneous linear dif- 
ferential equations. These equations may be repre- 
sented by the following matrix equation: 


[B]7(t) + [GIT = Gt) (4) 
where 
[G] = conductance matrix (g:; = gj = the net 
heat flow out of node 7 due to a unit 
temperature at node j, the temperatures at 
all other nodes being zero) 
[B] = susceptance matrix (b,, = bj, = the net heat 


flow out of node 7 due to a unit tempera- 
ture change with time at node /, the tem- 
perature changes with time at all other 
nodes being zero) 





Fic. 1. 
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vector or column matrix of temperature 
coordinates, 7; being the temperature of 
the 7th node 

qd = vector or column matrix of heat flow into the 

system, ¢; being the heat flowing into node 

? from external sources 


= 
II 


To solve Eq. (4), a coordinate transformation is 
sought which will diagonalize both [B] and [G]. These 
new coordinates are known as normal coordinates. To 
determine this transformation, the characteristic equa- 


tion 
[BJT + [GIT = 0 (5) 
issolved. The solution is of the form 
T = ge~™ (6) 
Combining Eqs. (5) and (6), 
—\(B]é + [G]é = 0 (7) 


which is the basic matrix eigenvalue problem for lumped 
parameter thermal circuits. If the number of inde- 
pendent nodes is 7, then the solution consists of 7 values 
of \, which need not all be distinct!» and are referred to 
as the eigenvalues of Eq. (7). Corresponding to each 
value, A, there exists a vector solution, ¢”, referred to 
as an eigenvector. The eigenvalue problem determines 
the eigenvectors to within an arbitrary multiplicative 
constant. Different methods of determining the eigen- 
values and eigenvectors of Eq. (7) are given in refer- 
ences 1 and 2. 
Now multiply Eq. (7) by ¢* and solve for 


A = $*[G]G/G* [Bl (8) 


From energy considerations, it is clear that $*(G]¢, 
which is proportional to the energy dissipated in the 
equivalent electrical circuit, must be non-negative. 
Also, by definition, 7*[B]7 > 0 for values of T not 
equal to the null vector. Therefore, [B] must be 
positive definite. From the above two considerations, 
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we can conclude that A > 0 and that A = 0 corresponds 
to cases where there is no energy dissipated—i.e., where 
$*(G|é = 0. 

An important property of the eigenvectors is ortho- 
gonality.2»* 5 If \, and A, are two different eigen- 
values, their corresponding eigenvectors satisfy 


II 


tn* Tp ( 
oa = ® (9) 
5" |Gle" = 0 
To facilitate solution, the eigenvectors will be normal- 
ized such that 


6” |B) dé” = 1 (10) 


Then, if a modal matrix is constructed (the uth 
column being the eigenvector associated with the uth 
eigenvalue), 


$y! 1" \ gi” . ; oy” 
d2! de” . 2" . . 2" 

\M] = |. ; ; ad (11) 
a a Sr 3A 


It follows directly from the orthogonality relations and 
from Eq. (10) that 


[M]*[B] [M4] = J (12) 
It is also apparent that 

Bee. . O61 

0 A». 
iMy*ic}imy = {°° -l=[Pilp (13) 








* ae A 
A method is now available to diagonalize [B] and [G] 
simultaneously. This method will be used for the solu- 
tion of Eq. (4). The Laplace transform of Eq. (4) is 
now taken (all initial conditions assumed to be zero). 


{s[B] + [G])}T(s) = qs) (14) 
Premultiplying Eq. (14) by [1/]* and defining 
T(s) = [M)A(s) (15) 
results in the following equation: 


{ s(M]*[B] [MM] + 
[M]*(G][M]}A(s) = [M]*9(s) (16) 


To T; To T3 





Fic. 3. J» and 7; are specified functions of time 
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But, from Eqs. (12) and (13), 
[Zs + [An] p] A(s) = [M]*9(s) (17 
As the matrix, 
(2 5 34 Dee ‘i 
0 S-+ Xe. . ; 


0 


[Zs+ [An] v] >= , (18) 








q 0 | ; : ; r, | D 


is diagonal. Its inverse will be: 


l 
0 
s+ Ay 
l 
0] : 
§ + Ae 
[Is + [An] ol b* = 0 
0 
Eq. (17) is now solved for A(s): 
A(s) = [1/(s + A,) ]o[M] *9(s) (20) 
and 
T(s) = [MNA(s) = [M][1/(s + A,)] o[ A] *G(s) (21) 
which may also be written 
T(s) = _ ? US) (22) 
n=1 S$ + An 
Taking the inverse Laplace transform of Eq. (22) 
T(t) = £- o ASIP (23) 


n=1 S+X, 


which is the closed-form solution of the original prob- 
lem in terms of the eigenvalues and eigenvectors of the 
characteristic equation. 


Solutions for Different Types of Inputs 


If the inputs are all step functions applied at time 


zero, 
G(s) = O/s (24) 
Eq. (23) becomes 


- n=F $” Oe" a 
T(t) = £- : 25) 
' - s(S + Aq) ' 


or 


(26) 


R=e 5”"* 06" 
=. Q O¢ 


1—e 
n=1 Ae ' 


T(t) 
If the inputs are all ramp functions applied at time 
zero, 


g(s) = Q/s? (27) 
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Fic. 4. q,(t) & 





he 


t20 
g <= & 
gt s t£9 
t 0 


0 

l 
= (19) 
S + Ae D 
l 
5 + A, D 
Eq. (23) becomes 
“ n=Yr gn* an 
Ti) =2- > - oO 
n=1 $*(s + X”) 


(28) 
n=? 3" 06" 
= ¢ 


al 
n=1 Ane : 


T(t) = 
If temperatures at certain points are specified as a func- 
tion of time instead of heat flow, the problem is solved 
in the same manner. As an example, the equations 
for the problem shown in Fig. 3 will be written: 


(7, ror To)Goy + (7, = T2)Gy. + (d7, dt) By = Ol 
(T> — 71) Gye + (T> ie T3)Gog is (dT dt) Bos = Of 


(29) 


or 


By 0 rT; mm Go + Gy — Gi T; 
0 Boy T> —Gy2 Gy — Gos T»2 
Ga To ‘ 
30 
bo Ay 2) 


= Golo 
1) = to ae 31) 
a ne 3 \ 
We have an equation identical to Eq. (4), and, there- 
fore, the solution is identical. 


If we define 


An Example 
The equivalent circuit shown in Fig. 4 will be solved. 
The number of junctions is three, and, therefore, the 


number of independent nodes is two. Then, 


(3) =| | (32) 
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T; To T3(t) 





i200) =, 
=o, 2<os 70s) = I/s 
Tih =«% tBPi eo... 
= 6 r<os 2s) = 2/s 


1 —!] 
3] = 33 
[G] & | (33) 


Substituting Eqs. (32) and (33) into Eq. (7), 


[> +L TG)-° 6 


For a problem as small as this, a direct solution is the 


most practical.* The characteristic equation is 


11 —A —1 
= 35 
-1° 1-3 i 
or 
(1—A)1 —A) -—1= 0) 
Ay = 0> (36) 
de = | 
forA = 0 for = 2 
gd: — od = 0 —¢? —-@ =0 
gd = gi = —or2 


x” = 0.707\t 3” = 0.707\t 
0.707 —().707 (37) 
From Fig. 4, 


g(s) = 1/s, Q, = 
qo(s) = 2/s, Q2 =; 


Then, from Eq. (26), which is the temperature dis- 
tribution due to step function inputs, 


ies noe ee (1\f0.707\ f1 — e7™) 
_ 0.7 f 
L(t) = (0.707, 0.7 m(S Moser u J " 


lim A:->0 


i uit aa 
(0.707, o.707(3)(_ 99) > ( (39) 


* Actually, for a problem as small as this, the use of normal 
However, the use of normal 


Noe 


: (38) 


coordinates is not necessary. 
coordinates can be most easily demonstrated on a simple system. 


¢t Normalized as per Eq. (10). 


1960 


MAY, 


a 1.5t —0.25 + 0.25e7 
= 9 Al ) 
or T(t) be a pee ts 02-2) (40 


T,(t) = 1.5t — 0.25 + 0.25e7 7) 


T(t) = 1.5t + 0.25 — 0.25e72f (41) 


or 
Another Example 

A circuit in which the temperatures are specified 
will now be solved (see Fig. 5). The susceptance and 
conductance matrices are: 


== h 1 
ae es | (42) 
a-[3 


The characteristic equation is: 


2-—-rA —-|1 
= () 

—1 2-—A’ o 
md (43) 
Ac=3 


And the corresponding eigenvectors are: 
x1) _ [9.707 «eo .{ OF@7 14 
vor? © ~\—oze7 =m 
oh G11 4(s) l Ss a 
visi G:T3(s)] — \2/s oy 
From Eq. (26), 
tin wate meme © eee he il 
I(é) = [0.707, 0.7071(3\(9 704) ,l —¢ 4 


— oe 0.707 ‘ 
(0.704, —0.707(3)( Oyo) {0:38 — 0.38e-%) (46) 
2 — U4 


or 


and 


T(t) = 1.333 — 1.5e~' + 0.1667e~™) 17) 
7 (44) 
‘ l 


be — 0.1667e7*f 


which are the required temperature-time relations. 
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An Approximate Solution of the Direct 
Supersonic Blunt-Body Problem for 
Arbitrary Axisymmetric Shapes 


STEPHEN C. TRAUGOTT* 
The Martin 


Summary 


The integral method of Belotserkovskii has been carried out to 
the first approximation for arbitrary blunt axisymmetric bodies 
in supersonic or hypersonic flight. This method is direct, in 
that it gives the surface-pressure distribution and shock shape for 
a prescribed body. Results obtained by numerical integration 
for several body shapes at several Mach numbers are compared 
to experimental results with good agreement. It is also shown 
that the method can be successfully applied to pointed bodies 
with attached shock. In the stagnation region, simple relation- 
ships are found from the equations of the first approximation 
which connect the surface-velocity gradient, shock curvature, 
shock-detachment distance, and body curvature. These rela- 
tions are also correlated with experiment for a variety of shapes 
as a function of Mach number. The correlations permit a rapid 
estimate of the stagnation-point velocity gradient, important for 
heat-transfer calculations, for any blunt body from the shock 
stand-off distance. A method for a higher approximation is de- 
scribed, for which, in contrast to the higher approximations of 
Belotserkovskii, a large number of simultaneous total differential 
equations with unknown parameters does not occur. One form 
of this method has been studied numerically. Results are given 
which, though only partially successful, indicate the amount of 
improvement to be expected from a higher approximation. 


Symbols 


Nondimensionalizing quantities are: maximum body radius 
/, stagnation pressure and density ahead of shock, and maximum 
velocity Umaz = UwoV (2+ (7 — 1)Ma?)/(7 — 1)M 2, with U. 
the flight velocity. 

a = dimensionless body radius in the plane normal to the 


body axis 


AJ’ = Mach number 

x = dimensionless coordinate normal to the body surface, 
measured from the surface 

p = dimensionless pressure 

2 dimensionless radial coordinate in the plane normal to 
the body axis 

R = dimensionless body radius of curvature = — [1/(d9/ds)! 

(% = dimensionless shock radius of curvature 

s = dimensionless coordinate along the body surface, 


measured from the stagnation point 

dimensionless velocity parallel to the body surface 

dimensionless velocity normal to the surface 

we V/ 052 + tp? 

dimensionless distance from the stagnation point along 
the body axis 

6 = dimensionless shock layer thickness measured normal 

to the body surface 
p = dimensionless density 


Received May 15, 1959. 
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0 = angle from axis of symmetiy to body-surface tangent 
x = angle from normal to axis of symmetry to shock tan- 
gent 
yY = stream function defined in Eq. (9) 
¢ = p/p 
= ratio of specific heats (assumed constant) 
T = dimensionless time 
Subscripts 
x referring to conditions just behind the shock 
6 referring to conditions just behind the shock 
0 referring to conditions on the body surface 
sp referring to conditions at the stagnation point 


(1) Introduction 


r IS WELL KNOWN that a blunt shape in supersonic 
flight is accompanied by a detached shock wave 
with a resultant mixed flow field between body and 
shock. The practical importance of blunt-nosed bodies 
has led to many recent investigations of supersonic flow 
with detached shocks, and these have been both of the 
inverse and direct type. In the inverse problem, the 
shape of the shock is considered given and the associated 
body shape follows from the solution. The problems 
associated with boundary conditions specified along an 
otherwise unknown shock location are thus avoided. 
This approach is taken in the studies of Zlotnick and 
Newman,! Garabedian and Lieberstein,? and Van 
Dyke,* where numerical solutions of the exact inviscid 
equations are obtained. It is shown there that the 
shape of the shock can be selected to give, within limits, 
body shapes of practical interest. Nevertheless, it 
seems that prescribed variations in body curvature 
would be very difficult to approximate with a suitable 
shock. The direct method, by which the shock and 
flow field are found for a given body, would permit 
greater practical utilization. Examples of this latter 
approach are given by Maslen and Moeckel,‘ Li and 
Geiger,> and Lees and Kubota.‘ However, these 
studies consider only hypersonic flow and approxima- 
tions are made which are not valid at low supersonic 
Mach numbers. Although, for obvious reasons, hyper- 
sonic flow is receiving a great deal of attention, it 
nevertheless is desirable to have methods available 
which are valid for relatively low supersonic Mach 
numbers as well, since blunt re-entry shapes must also 
fly supersonically. Uchida and Yasuhara’ and Ca- 
bannes® consider the direct problem without restriction 
to hypersonic flow, but in the former case the method 
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is not suited to numerical machine work, while the 
latter approach appears quite cumbersome. 

A straightforward method for the direct problem, well 
suited to numerical computation, was given by Belot- 
serkovskii.’ In this study, an approximate integral 
theory without restrictions on Mach number is applied 
to plane supersonic flow about acylinder. The inviscid 
equations of motion are first integrated across the shock 
layer to give a system of simultaneous total differential 
equations from which the shock shape and the surface- 
pressure distribution may then be determined.* Re- 
sults are presented for several Mach numbers and de- 
grees of approximation. It is shown that, for flow 
about a cylinder, the first approximation should be 
satisfactory for most purposes. 

Blunt-body shapes of current practical interest are 
characterized by large variations of the meridional ra- 
dius of curvature, and it seemed worthwhile to extend 
the integral method described above to blunt axisym- 
metric bodies of arbitrary shape. The present work is 
concerned with this extension, and with the determina- 
tion of how well the relatively simple first approxima- 
tion describes the flow field for such bodies. The 
higher approximations of Belotserkovskii lead rapidly 
to the difficult problem of solving a large number of 
simultaneous differential equations in which a number 
of unknown parameters must be simultaneously deter- 
mined by the condition that no singularities occur in 
the solution. A scheme will be described here for ob- 
taining higher approximations which avoids this dif- 
ficulty and involves, as in the first approximation, only 
three simultaneous differential equations with the shock 
detachment distance as the only free parameter. Fur- 
ther, simple and useful relations are derived from the 
formulation of the first approximation which relate the 
stagnation-point velocity gradient, shock-detachment 
distance, and shock curvature for arbitrary body 
shapes. 


(2) Fundamental Equations 


To accommodate an arbitrary body contour, coor- 
dinates along and normal to the axisymmetric surface 


* This publication was brought to the author’s attention by 
Dr. Maurice Holt of Brown University. Dr. Holt has since ex- 


tended Belotserkovskii’s first approximation to spheres and 
spherical caps. 
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are chosen. Following Belotserkovskii, all variables arc 
made dimensionless: lengths with the maximum body 
radius in the plane normal to the body axis, velocities 
with the maximum velocity Un oz, and pressure and 
density with stagnation pressure and stagnation density 
ahead of the shock where the Mach number is / .. and 
the dimensionless uniform velocity is w.. In Fig 1, s 
is the distance to any point on the body along the sur 
face, n is in the direction normal to the surface, 6 is the 
angle between the axis of symmetry and the surface 
tangent, x is the angle between the normal to the axis of 
symmetry and the shock tangent, and 6 is the shock 
layer thickness along n. The body is prescribed by the 
variation of a, the body radius in the plane normal to the 
axis, with s. The body radius of curvature in the 
meridional plane is 


R = —[1/(d0/ds)| 


We neglect viscosity and heat conduction, and assume 
constant specific heats, with ratio y. To obtain the 
equations of motion in a form suitable for our purposes, 
let 


t (1 — 4”) Us 
k= (1 saad w?)! fy Dy. 

SZ = PUVy 

H = pv,” + [(y — 1)/271P 


g = pv,’ + [(y — 1)/27]p 
Then the governing differential equations for steady 
motion can be written as follows. 
Continuity : 
[O(rt)/Os] + (0/On)} [1 + (n/R)|rh} = 0 (1) 


Momentum in the ” Direction: 


[O(rz)/Os] + (0/On)} [1 + (n/R) rH} — 
(r/R)g — [1 + (n/R)] cos O[(y — 1)/2y]p = 0 (2) 


Integrated Momentum (Bernoulli Equation): 
p/p = 1—w? (3) 
Energy: 
(D/Dr)(p/p*) = 0 (4) 


These four equations are sufficient to determine the four 
unknowns 2,, Vn, p, and p. 

Eqs. (1) and (2) may be integrated over » across the 
shock layer, from n = 0 ton = 6. One finds, making 
use of the Leibnitz rule and the fact that on the surface 
ho = 24 = 0, 

6 


rsts{1 + (6/R)] — rsts(db/ds) + (d/ds) f (rt)dn = 0 


0 
(5) 


r;f1;(1 oa (6 R)] = aH — 1525 (d6, ds) + 


6 6 
(d/ds) f (rz)dn — fo ‘R)gdn — 
0 0 


6 
cos 6 [(y — 1)/2y] f [1 + (n/R)|pdn = 0 (6) 
0 
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It follows from Eq. (4) that p/p” is constant along a 


streamline—thus, 


p/p’ = lp) (7) 


(with y, the stream function, defined below). 
Then, making use of Eq. (3), 
p = (1 — u?)” ities ihe 


an2) W/(y¥—-D). —1/(y 


9 ) (S) 
p= (l — w~) ¢g : { 


If Eq. (8) is used in Eqs. (5) and (6), these latter 
equations will contain as unknown variables 2,, v,, ¢, 
and y. The introduction of y as a new unknown re- 
quires an additional equation. This is supplied by the 
definition of the stream function, here written along any 
line in the m—s plane prescribed by » = n(s) as 


dy/ds = p}rv,(dn/ds)— [1+ (n/R)]rv,{ (9) 
Eqs. (5) through (9) then determine the problem. 
Suppose the functional form of the integrands in Eqs. 
(5) and (6) were known, so that these integrands are 
given in terms of their values at the boundaries—that is, 
body surface and shock. Then these equations would be 
total differential equations in s containing 6, Us, Uny 
%5, $0, Vs, andv,,. Butv,, = 0, and, since the body sur- 
face is also a streamline, go = ¢,s, is known from the 
normal shock relations. The oblique shock relations 
yield v,,, Y,,, and g,; as functions of x [see Eq. (12)]; 
thus, only three unknowns remain—é, x, and v,,. A 
third equation for use with Eqs. (5) and (6) is supplied 
as an additional relation between 6 and x from the 


geometry of Fig. 1: 
dé/ds = [1 + (6/R)]/tan (6 + x) (10) 


Integration of Eqs. (5), (6), and (10) will then deter- 
mine the shock as a function of distance along the sur- 
face from 6 and x, and the pressure distribution is ob- 
tained from 2,.. 

The knowledge necessary to evaluate the integrands 
in Eqs. (5) and (6) must come from Eqs. (7) and (9). 
These are available to supply the required information 
about variations of the flow field in the m direction, 
normal to the surface. 


(3) First Belotserkovskii Approximation 


A first approximation to the problem can be obtained 
by taking the integrands in the integrated continuity 
and momentum Eqs. (5) and (6) to be linear in n. 
Since this takes the place of information which should 
come from Eqs. (7) and (9), these equations are no 
longer necesary. If any one of the integrands is f(, s), 
then 


f(n, s) = fo(s) + (n/6) [fs(s) — fo(s)] 


and 


6 
{ f(n, s)dn = (6/2) [fs + fal (11) 
/J0 
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The equations for the first approximation are ob- 
tained by substituting Eq. (11) into Eqs. (5) and (6). 
For example, 

*5 
(d/ds) | (rt)dn = (1/2)[(rt)s + (rt)o] (dé/ds) + 
0 


(6/2) [d(rt)o/ds| + (6/2) [d(rt);/ds| 
With 
(ré)o = a(1 — v,,2)"‘" “0, 


(rt)s = (a + 6 cos @)(1 — ws?) 7 2 


"5 


All quantities immediately behind the shock are related 
to x by use of the oblique shock relations, which here 
take the form (see, for instance, reference 10) 


2yM ..2 cos? x — (y — 1) 
%5 = | x 


ie ae 
2+ (7 — 1)M.,2 cos? =| 
(12a) 
(y + 1)M.2 cos? x 
— 1 
1 
v7, = M 
“ Vos G-pMe 


iE gt (cos dave )] eituk 

\ y+ 1 M 3) ) 
| : tan x (cos x- : )| sin a! (12b) 

y+1 M..? f 


Sel — 
6 2+ (7 -—1)M.? 


] 2 ( ‘ ) a 
‘ _ 0s? x — (—sin #) + 
) 7 cos M E Sl 
2 ‘ ] 
| tan x (cos x— ) | cos @7- (12c) 


Because the surface is a streamline along which the 


+ 


entropy is constant, we have 


‘ae’ “es ss i +(7¥- = 
eu (13) 
y+i (y+ 1M.? 


Together with Eq. (10), three first-order total differen- 
tial equations result, containing as unknowns 4(s), x(s), 
v,,(S), and their s derivatives. 

These differential equations are easily solved for the 
derivatives of the unknown quantities in the form 


dé/ds = [1 + (6/R)|/tan (6 + x) (10) 

dv,, F|D — A(dé ds)| — C[G + E(dé/ds)| 14) 
ds BF 

dx/ds = [|G + E(dé/ds)|/F (15) 


where the individual terms on the right-hand side of the 
last two equations are given below. 


9\1/(y¥-1 
v,, — (1 — w;”) Uses 
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a. ; a | (y — 1) 2u,,” ' 
C = - (a + 6 cos @)(1 — 4u;”) M : i— x 
2 +?+1 2+ (y-1)M.? (y — D0 — u,) 


| 3 ( I ) + 9 | : : { : 2u ang 
' l1— — sin’ x | sin 6 + (sin x cos x) cos @? — 
(12 M ..? cos? x ais 7 (y — 1) — w;?) “ 
= ; 
— — sin’ x | cos 6 — (sin x cos x) cos 
i} 2 M ..? cos? x = ” f 


D = —[1 — (6/2)(d0/ds)|(a + 6 cos @)(1 — u';”)! "Ta, — (6/2) sin 0} (1 — v,,2)! ‘mee! eae 





E = (a/2)(1 — u,2)"" 9, i 


~ 


F = — (a + 6 cos 6)(1 — wu”) 


(1 — w,2)"~ py, [1 — 6(d0/ds)] 
0 


4 = 7 eg 
— i el M : Ls va i- : x 
2 y+ 24+ (y— 1)M.? (y — 1)(1 — w,*) 


(fl = \ [ 20 ns" 
: 1 — - x — sin? x | sin@ + (sin x cos x) cos 67 + 2,.]| 1 — x 
(L2 M ..” cos? x f “ (y — 11 — @,*) 
1 I - ; a eae 
1 — a" — sin? x | cos 6 — (sin x cos x) sin 07 } gs "'/"7~ 14 = (a + 6 cos 8) X 
i} 2 M 2 cos? x \ 2 
ot ee oe eee (M.* cos* x — 1)? 2+ (vy — 1)AM* cos’ x telly 
(1 U's”) 2; Un, tan x r - ; G5 
y¥+12+(7 —1)M.2 cos? x (y + 1)M,.2 cos? x 
G = —g;, W/O-VI — y,2)! adie | — (6/2)(d0/ds)|(a + 6 cos 6) + VsUngl1 — 6(d6/ds)| (5/2) sin 0} — 


gy WN/G-MIY — v2) |, 2(6/2)(d0/ds)a} — [(y — 1), 2y] [a + (6/2) cos 0 — (6/2)(d0/ds)a| X 
[C1 — wy?) Yg,-W/G-YI — d= 9,2) O-D gy WO DY 


with 
M, V(y — 1)/[2 + (y - DM. = 


Considered together with Eqs. (12) and (13), Eqs. (10), 
(14), and (15) are of the form: 


dé/ds = (dé/ds) [6, x, 0, (d0/ds)| 
dv,,/ds = (dv,,/ds) [6, x, v;,, 8, (d0/ds), a, y, M | 


0. 


dx ‘ds = (dx/ds)[6, x, v,,, 0, (d0/ds), a, y, M.| 


The solution of this system of coupled nonlinear equa- 
tions with proper initial values constitutes the first 
approximation. The initial values are, for s = 0, 


56 = bsp, UV, = 90, x = 0 


0 


The stagnation-point shock detachment distance, 
5sp, is unknown; it must be determined as part of the 
solution. This is done in the following way. 

It can be seen from Eqs. (14) and (15) that both 
dv,,/ds and dx/ds become infinite when F vanishes, 
while a vanishing B makes dv,,/ds infinite. No physical 
interpretation readily appears for F, and one cannot 
say a priori whether it will vanish or not. However, B 
will vanish when 


vm = Vy — Dy +0 


which is sonic velocity. If the velocity gradient at the 
sonic point on the surface is to remain finite, we must 
require that both the numerator and the denominator 
of Eq. (14) vanish at this point. That is, when B = 0, 


D — A(di/ds) = C(dx/ds) 


This condition is used to determine 6,, by an iterative 
procedure. The details of this procedure are given in 


| 
\ 
\ 
[Z 
——_ 


SKETCH 1. 





reference 11. Of course, it is possible that an infinite 
velocity gradient does physically occur on the surface 
when a sharp corner exists. However, due to the nature 
of the coordinate system chosen, any sharp corner must 
be slightly rounded if the shock shape is to be specified 
everywhere, as shown by Sketch 1. 

Thus, the condition which determines the stagnation- 
point shock-detachment distance will always be taken 
here to be a finite velocity gradient at the sonic point 
and the equations then can be integrated to give 6, x, 2... 
The surface pressure is finally calculated from the first 
of Eq. (8), which becomes at the body surface 


» (y+ Met Om? 
po = a — 0,7) racial " 


ois vo — 29-0/0-D) 
Sea 2] (16) 
Y 
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Fic. 2. Shock shapes, hemisphere-cylinder. 


(4) First-Approximation Results and Discussion 


Several examples have been worked out numerically 
on an IBM 704 digital calculator.* A spherical nose is 
the most simple blunt-body shape; furthermore, a 
considerable amount of data exists for spheres and 
hemisphere-cylinders. Data for both shock shape and 
surface-pressure distribution for a hemisphere-cylinder 
at 7. = 1.9 have been obtained from Moeckel.!” 
Data for the same body shape at 7 ., = 5.8 have been 
taken from Oliver'* and Love" for the pressure distribu- 
tion and shock shape, respectively. At 1/7 .. = 1.9, the 
iteration scheme described converges to 6,, = 0.3963, 
which compares to an experimental value of 0.38 deter- 
mined from reference 12 (see also Fig. 6 of reference 15). 
At M., = 5.8, 6.) converges to 0.1498, compared to 6,, 
= 0.15 determined from Oliver. A comparison of 
measured and calculated shock shapes is given in Fig. 2 
for both Mach numbers. To indicate the reliability of 
the experimental data, a point at 1J.. = 1.94 is also 
shown from Love. Figs. 3 and 4 show a comparison 
of measured pressures with those obtained by the first 
In these examples y has been taken 


approximation. 
pressure calculated from 


as 1.4. The Newtonian 
Cy/ Comazr = Sin® @ is also shown. 

Experiments on bodies with large variations of 
meridional curvature along the surface are reported by 
Hastings, et al."° The bodies tested are flat-faced, 30° 
half-angle cones with shoulders of various radii. Body 
No. 2 has been selected for comparison with the present 
integral method, at 1/,. = 1.79 and M., = 4.84. For 
these Mach numbers, respectively, 6,, = 0.43 and 6,p 
= 0.215 were determined by the author from the 
shadowgraphs of reference 16. From the iteration, 
corresponding values are found to be 0.5031 and 0.2200. 


* Fred H. Scaife of the Martin-Baltimore Digital Group was 
instrumental in establishing a workable digital program. 
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Fig. 5 shows Body No. 2 and the measured and calcu- 
lated shock shapes for both Mach numbers. The re- 
sults for the pressure distributions are given in Figs. 6 
and 7. 

It can be seen that the calculated shock shapes are 
good, even for the relatively complex body shape of 
The agreement between theory and experiment 
increases, as far as the shock 


Fig. 5. 
becomes better as / 
The same is not true, however, of 
For the hemispheri- 


shape is concerned. 
the surface pressure distributions. 
cal body, the lower free-stream Mach number gives 
better agreement of pressures with experiment, al- 
though it would appear for both Mach numbers that up 
to values of s considerably past the sonic piont on the 
surface the results of the first approximation are excel- 
lent for this body. For the flat-faced cone, a better sur- 
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* SONIC POINT, May? 4.84 








Fic. 5. Shock shapes, flat-faced cone. 


face pressure in front is obtained at the higher free- 
stream Mach number; again it would seem that the 
results are reliable well into the supersonic regime on 
the surface. 

The effect of a sudden change in body curvature is 
noticeable for all the calculated pressures. A rapid 
change in the slope of the pressure distribution is seen 
to occur whenever the surface curvature changes dis- 
continuously from a finite value to zero. This is due to 
the fact that with the linear variation in m of the first 
approximation it is not possible to enforce the condition 
that a discontinuity in R should not result in a discon- 
tinuity in the solution. The effect is most pronounced 
for the flat-faced cone (Figs. 6 and 7). At the higher 
Mach number, this jump causes a departure from the 
experimental points farther back on the body; how- 
ever, at the lower Mach number, qualitative agreement 
with experiment is obtained, since the experimental 
values here follow the same sort of jump. It must be 
pointed out that at the lower Mach number for Body 
No. 2 the photographs" show the existence of a second 
shock on the body some distance behind the shoulder 
on the conical portion. The gradients normal to the 
surface introduced by such a shock are of course not 
taken into account in this first approximation, and the 
results of Fig. 6 are believed to be fortuitous in the re- 
gion just downstream of the second curvature discon- 
tinuity. It appears that a higher approximation will 
prove useful for bodies with sudden changes in curva- 
ture, especially at low Mach numbers. 

It can also be seen from Fig. 6 that one cannot ex- 
pect the first approximation to be valid when carried 
through in all cases for pressure distribution over the 
entire body. No explanation for the sudden rise in 
pressure at s = 1.45 can be given at this time. Caution 
is therefore in order in the use of the first approximation 
for very large distances from the stagnation point. 
Nevertheless, the method would not in any case be ex- 
pected to be useful over the entire body for all bodies, 
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since concave portions of the surface may be present to 
give rise to a second shock. A very useful application to 
such bodies, however, would be to use it only until the 
flow has become supersonic, then the results can be 
taken as initial conditions for other methods valid for 
entirely supersonic flow fields. The first approximation 
appears satisfactory for this purpose for the body 
shapes and Mach number range described. 

Since the present method should also be applicable to 
flow over a pointed body with an attached shock, with 
6s» = 0, a 30° half-angle cone was studied at JJ. = 4.0 
as an additional example. For this body, both shock 
angle and surface pressure should be constant with s. 
It was found from an integration from s = 0.1 to s = 
1.5 that, over this range, x varied only 0.2 per cent and 
the surface pressure 0.5 per cent from the Kopal Table 
values. The shock layer thickness should be linear with 
s for this problem, and d6/ds constant. This parameter 
was found from the integration to be constant within 
1.4 per cent. Thus the Belotserkovskii first approxima- 
tion may also be applied to pointed bodies of revolution. 


(5) Stagnation Region 


The first approximation, embodied in Eqs. (10), (14), 
and (15), has been shown to yield useful results upon 
numerical integration. The equations themselves are 
quite complicated, however, and contribute little to the 
physical understanding of the problem. It will now be 
shown that, by considering the stagnation region, simple 
analytical relations between shock and body curvature, 
shock detachment distance, and velocity gradient can 
be directly obtained. These relations lead to correla- 
tions which make both shock curvature ®,, and stag- 
nation-point velocity gradient independent of overall 
body shape and which provide a rapid means for 
estimating these quantities from either optical informa- 
tion or from other theoretical results on shock detach- 
ment distance. The importance of the stagnation-point 
velocity gradient is well known, while the shock vertex 
radius of curvature is an essential parameter for the 
calculation of the inviscid, shock-generated vorticity 
on the body surface which can influence both skin fric- 
tion and heat transfer. 

Since the following considerations are specialized to 
the stagnation region, the subscript sp is dropped for 
this section. 

In the stagnation region, we put 


cosas = sn? = | 
To first order in a: 
cos6 = a/R, ..(a + 6 cos 0) = a[(l + (6/R)| 


suns = tans = x = a(dx/ds) 


Il 


a(dv,,/ds) 


a 2(M ..2 — 1) 4 
2, or ig Dd <> oe 
8 5 oa thie ~ ae & 
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The difference between ¢; and gp is second order in a. dv,, Ung a 6 
Thus, go = ¢ 3. With these substitutions, Eqs. (14) ds — 5 (1 = Uns*) L + R x 
and (15) can be written as f dx 2(M.?—1) ” 
— 0 (1¢) 
ds2+(y—1)M,? 
dx " l JPns” + [(7 — 1), 27) (1 oa Uns) = Ky —_ 1) 2} [1/(1 — ang?) wll (18) 
ds 6\ 2ns?t (M2 1)/[2 + (y — DM .?|} f 
with — 
tn = —Ma V(y — 1/2 + (y—1)M 24] X 1/R = (dx/ds)/(1 + (6/R)| (21) 


: _ 2 } — 2 ' Ce ~ — . . . 
is 2/(y + WU (1/M o*)]} rhus, Eqs. (17) and (18) give, at the stagnation point, 


Eq. (10) becomes relations between shock curvature, shock detachment 

distance, body curvature, and velocity gradient as 
; ) 4 — R(dx/ds) 9 P : “re ‘ 

dé/ds (a/R){1 + (6/R)] [1 R(dx/ds)| (19) functions of y and M .. 

The relation between ® and dx/ds from the geometry Using Eq. (21), Eqs. (17) and (18) may be written as 


of Fig. 1 1s (1/w.){6/[1 + (6/R)]} (dv,./ds) = r(M., y) (22) 
1/R = (dx/ds)}sin (6 + x)/[1 + (6/R)]} (20) (6/R)[1 + (6/R)] = T(M g, vy) (23) 
At the stagnation point where 


2+ (vy — 1I)M.? j 2(M." — 1) ) 4yM 2 — Ay — 1) 7/0” 
(Mo, 7) = —— — 1-91 “0 a 
(y¥+IM.2 ( 2+ (vy — 1)M.’ (y + 1)°M.? 


2A7v7+1) + 2y¥(7+ DM? - vt 1)*M oi (¥ + 1)?M .?/[4yM.2 — 2(y — 1)]}' 
4y7(M,.? — 1) 





r(v., y) = 


Eqs. (22) and (23) contain the body shape explicitly 
only in the factor [1 + (6/R)]. Both equations state 
that the proper nondimensionalizing length for shock 


Consider Eq. (23). It is known for low supersonic 
flight Mach numbers and blunt convex bodies that 
changes in the body shape upstream of the sonic point 
have little effect on the shock shape. (See references 17 


radius of curvature and stagnation-point velocity gradi- 
ent is 6, and that with the additional factor 1 + (6/R) 


both quantities can be made independent of body shape. and 18.) 
Changes in & for a given M/ ,, result in changes of 6 but 


The way in which this factor occurs can be made 
not of ®. The ratio 6/® cannot therefore be independ- 


plausible on physical grounds. 
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Fic. 8. Dimensionless stagnation-point shock curvature. 


ent of body shape for low Mach numbers but in fact 
must increase with RX. Since 1 + (6/) decreases with 
increasing R under these conditions, it is seen that this 
factor must appear in the numerator of Eq. (23). It 
should be noted that Eq. (23) must break down as the 
transonic regime is approached where 6/@® should be 
independent of nose shape. At very large Mach num- 
bers 6/R is small, 1 + (6/R) — 1, and 6/® again be- 
comes independent of body shape, in agreement with 
the hypersonic behavior pointed out by Hayes." 

For the velocity gradient in Eq. (22), consider again 
first the low supersonic regime. For essentially spheri- 
cal bodies, for M/ . > 1, 6/R> 1, and 


(1/w .){6/[1 + (6/R)]} (dv,,/ds) > (R/w ..) (dv,,/ds) 


Since for low Mach numbers many different nose shapes 
are possible in the stagnation region with the same 
shock, the local surface velocity gradient in this region 
must depend essentially only on the body shape there, 
that is, on RX. This argument must fail for flat-nosed 
bodies, R >  , since the statement that (R/z .,.) (dv,,/ds) 
is independent of body shape implies then incorrectly 
that dv,,/ds > 0. Of the three length scales available, 
®&, R, and 6, only two are left for R— , and & clearly 
is not significant at low Mach numbers due to its in- 
variance with nose shape. This leaves 6 as the only 
proper parameter, in agreement with Eq. (22) under 
these conditions. 
For hypersonic flow, 6/R < 1 for any RX and 


(1/w.){6/[1 + (6/R)] } (dv,,/ds) > 
(6/u ~)(dv,,/ds) ~ (R/w .) (dv,,/ds) 


0 


Since both 6 and ®& are functions of body shape for large 
Mach numbers, either one of these shock parameters 
then serves to indirectly include body shape in the 
dimensionless velocity gradient, and the explicit ap- 
pearance of X is no longer required. 

In order to compare Eqs. (22) and (23) with experi- 
ment, simultaneous data are needed for 6, RX, and ®, or 
5, R, and dv,,/ds for a variety of body shapes and Mach 
numbers. In Fig. 8, Eq. (23) for the shock curvature is 
plotted with y = 1.4. The value of y should more 


properly be taken as a function of Mach number to 
account for real gas effects, but, since no single such 
function exists universally, only asymptotic values for 
M.. — o are indicated for other values or y. For 
comparison, data are shown for the following shapes: 
spheres from Sedney*® and Kendall;* hemisphere- 
cylinder, from Oliver;'* flat disc normal to the flow 
direction, from Serbin®! and Kendall; spherically 
blunted cones, from Sedney; and the flat-faced cones 
of Hastings, et al."6 It should be noticed that the scatter 
for significantly different shapes in such a plot is no 
worse than that for a single shape. 

Fig. 9 shows Eq. (22) for the dimensionless velocity 
gradient with y = 1.4. Again, only asymptotic values 
for other values of y are shown. Experimental data for 
both velocity gradient and shock stand-off distance 
were obtained for the following shapes: hemisphere- 
cylinder, from Korobkin and Gruenewald;** spheres, 
from Kendall; flat disc, from Kendall; flat-faced cones 
from Hastings, et al.'* and, finally, a family of cylinders 
capped by spherical segments of various radii, from 
Boison and Curtiss.**> While the variation with J/ ,, is 
not precisely matched, it seems that a significant 
parameter has been obtained which is valid over a wide 
range of Mach numbers for correlating the velocity 
gradients on widely differing body shapes. 


(6) Second Approximation 


The results presented so far show that in certain 
cases it will prove worthwhile to use a better approxima- 
tion than the first. Specifically, Eq. (11) must be im- 
proved. 

Eq. (11) may be generalized to an Nth degree poly- 
nomial in ; that is, any integrand f(m, s) of Eqs. (5) 
and (6) is written as 


™ 
f(n, s) = YAj(s)[n/6(s) }' (24) 
7=0 
where 


Ags) = f(O, s) = fo(s) 


* J. M. Kendall, Jr., as yet unpublished data. 
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Fic. 9. Dimensionless stagnation-point velocity gradient. 
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DIRECT SUPERSONIC 


The method used by Belotserkovskii for obtaining 
higher approximations is to divide the shock layer into 
N strips in the Nth approximation, obtained by divid- 
ing 6 at each s into N equal parts. An Nth degree poly- 
nomial, Eq. (24), is used with its coefficients A; so de- 
termined that the function being approximated takes 
on unknown strip values at the V — | strip boundaries. 
That is, f must be /; at the shock, fy at the surface, and 


Inj nx at n =(m/N) 6 for the mth strip boundary, where 


l<m<N-1. 


Since there are four unknowns at each strip boundary 
(vs, Un, ¢, W), there will be 4(NV — 1) + 3 = 4N — 1 
unknowns in the Nth approximation, counting 6, z,,, x. 
The 4V — 1 equations necessary to make the problem 
determinate are obtained by integrating Eqs. (1) and 
(2) from the surface to each strip boundary, giving 2V 
equations similar to Eqs. (5) and (6). Eqs. (7) and (9) 
yield 2(N — 1) additional relations, and Eq. (10) is 
one more. Thus, there are 2NV + 2(N —1)+12=4N 
— 1 equations, of which 2V + (NV — 1) + 1 = 3N are 
first-order total differential equations. The initial 
values at s = O are X.p = Psp = %,, = O. However, 
6,p and v,,, are not known, and these remain as parame- 
ters to be determined by the condition that no singu- 
larities occur in the solution, as before. In the Nth 
approximation there will be (V — 1) + 1 = N parame- 
ters which must be simultaneously so chosen that no 
singularities occur in the solution. Thus, for any ap- 
proximation higher than the first, the Belotserkovskii 
method requires the solution of a large number of simul- 
taneous equations under the proper simultaneous choice 
of a number of parameters, and although Belotserkov- 
skii gives results for the third approximation (eleven 
equations, three undetermined parameters) it appears 
that this method would prove very tedious in practice. 
With this formulation no lower order approximations 
are required for the determination of a higher one, since 
each approximation is formulated in a completely de- 
terminate manner. 


To avoid the complications of this method, an alter- 
native approach was used to evaluate the coefficients in 
Eq. (24), using only data at the boundaries, body sur- 
face, and shock. Then no additional unknowns are in- 
troduced, and again only three equations serve to 
evaluate the three unknowns 6, x, and v,,. 6,» remains 
as a single unknown parameter. No details are pre- 
sented here due to space limitations. It was found that 
from the definition of vorticity and the equation of con- 
tinuity it was possible to express the derivatives with 
respect to of the integrands in Eqs. (5) and (6) at both 
body surface and shock in terms of 6, x, v,,, (dx/ds), 
(dv,,/ds). Then both the values and m derivatives of 
these integrands are given at the boundaries, and this is 
sufficient to specify a cubic in Eq. (24), corresponding 
to the third Belotserkovskii approximation, in terms of 
the same three unknowns that occur in the first ap- 


proximation. 


Then, one finds for any integrand 
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(second approximation ) 


f(n, s) = fo(s) + 6(Of/On)o (n/6) + 
6 {(3(fs — fo)/d] — [2(Of/On)o + (Of/On),] } (n/5)? — 
5 } (2(fs — fo) /6] — [(Of/On)o + (Of/On),5]} (n/5)? X 


[ 70. s)dn = (6/2)[f; + fo] + (67/12) 
an [(Of/On)o — (Of/n),] (25) 


If f(m, s) varies linearly with 7/6, so that the first 
approximation is exact, Eq. (25) reduces to Eq. (11). 
The second term on the right of Eq. (25) may thus be 
regarded as a correction term to the first approxima- 
tion. 

As is seen from Eqs. (5) and (6), some of the ap- 
proximate integrals calculated from Eq. (25) must be 
differentiated with respect to s. Since the » deriva- 
tives in Eq. (25) are related to s derivatives of the de- 
pendent variables, this differentiation will generate 
second derivative terms in s for the cubic approximation 
which are not present in the first. For example, the 
vorticity at the shock, related to dx/ds, is used to cal- 
culate (Ov,/07); as well as (Ov,,/On);. When these terms 
are inserted into Eqs. (5) and (6), d*x/ds* will appear, 
and the equations become second order in s. Thus, this 
formulation will lead to the solution of two second- 
order equations for x and 2,,, with Eq. (10) retained as 
a first-order equation. 

An attempt was made to bypass the labor involved 
in programing this system of equations and to use in- 
stead the system already coded for the first approxima- 
tion in an iterative scheme. It has already been es- 
tablished that for certain conditions the first approxima- 
tion is quite satisfactory, which implies that under 
these conditions the second term on the right of Eq. 
(25) must be small compared to the first. This term 
was therefore evaluated from the results of the first 
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approximation and a new integration performed of the 
first approximation system of equations to which these 
correction terms were added. This was intended as the 
first step in a sequence of similar steps. Again, no de- 
tails can be given here. It was found, however, that 
this method is extremely sensitive to any irregularities 
occurring in the first approximation results and strongly 
amplifies them. It was not possible to pass by discon- 
tinuities of body curvature such as exist in all the ex- 
amples treated by the first approximation. 

For the flat-faced cones this trouble prevented the 
integration from preceding very far, but for the hemi- 
sphere-cylinder significant results were obtained up to 
s = 7/2. An example for 1. = 5.8 is shown in Fig. 
10. Except for the amplification of irregularities due 
to the iteration scheme described the pressure distribu- 
tion of Fig. 10 comes closer, especially past the sonic 
point, to the experimental values than the first ap- 
proximation. This is considered as an indication that 
with a second approximation based on the solution of 
the second-order equations, which are obtained by 
treating the correction term as unknown rather than 
determined from the previous approximation, there is 
a good chance for excellent results. 


(7) Conclusions 


The first-approximation integration method de- 
scribed yields results for both surface pressure and 
shock shape which give good agreement with experi- 
ment for arbitrary axisymmetric bodies over regions 
with continuous surface curvature. The shock shapes 
are more accurately given at higher Mach numbers. 
The surface pressures well back from the stagnation 
region would be improved by the indicated second ap- 
proximation, and it appears that this second approxima- 
tion would be considerably less complicated than the 
higher approximations of Belotserkovskii. By itself, 
the first approximation is also very useful as a method 
for determining initial conditions for other techniques 
valid for entirely supersonic flow fields. 

The first approximation suggests that the surface 
velocity gradient at the stagnation point, as well as 
the shock curvature, may be determined for axisym- 
metric bodies of arbitrary shape with only the shock- 
detachment distance required from experiment, as indi- 
cated by Eqs. (22) and (23). The limited experimental 
data available makes it desirable to test this tentative 
conclusion obtained from the first approximation by 
further experiments on a variety of bodies over a wide 
range of Mach numbers. 

If the existence of such a relationship is substantiated 
by further experiments or more elaborate analysis, it 
would be useful in a wide range of heat-transfer calcu- 
lations for arbitrary body shapes. 
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Summary 


Mean square displacement and stress are calculated in a 
simply supported Bernoulli-Euler beam with distributed external 
viscous damping for several types of random excitations. Con- 
trary to a recently published conclusion, the mean square values 
are found be finite except for two types of excitations which do not 
appear to have appreciable physical significance in engineering 
problems. 

The mean square calculus of random processes is used in the 


analysis 


(1) Introduction 


A NUMBER of papers (e.g., see references 1-7) have 
appeared recently discussing the response of 
linear elastic systems to various types of random excita- 
tions. Two of these papers’ ’ presented theoretical 
analyses for beams and plates under the assumption 
that the excitation was completely random in time as 
well as completely random in space. The mean square 
of the bending stress in a simply supported Bernoulli- 
Euler beam with external viscous damping was found 
to be infinite, and the conclusion was advanced’ that 
the Bernoulli-Euler beam was adequate when only 
mean square displacement is of interest. Two points 
come to mind immediately. First, random processes 
of the type assumed are restricted in the scope of their 
applications, second, to have to give up the Bernoulli- 
Euler theory in beam problems when there are random 
excitations would complicate a number of technical 
problems to quite an extent. Hence, the question 
arises as to what the results of such an analysis would 
have been if a more realistic assumption had been made 
regarding the random process. The present paper 
presents results bearing on this question. 

We shall only consider a simply supported uniform 
Bernoulli-Euler beam having uniformly distributed 
constant external viscous damping, and we shall further 
assume that the excitation m P(x, ¢t) per unit length 


has the form 
m P(x, t) = m R(x) Q(t) (1) 


where R(x) is either deterministic [Case (A) ] or random 
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[Case (B)] and Q(t) is random in time. When R(x) is 
random, we assume that R(x) and Q(t) are independent. 

Second-order random processes, having finite total 
power (or variance) do occur in nature. Hence, we 
shall assume that R(x) (when random) and Q(t) are of 
this type. 

The m.s. (mean square) calculus* * of random proc- 
esses wil] be used in our analysis rather than the method 
of generalized harmonic analysis. While this calculus 
is not too familiar to engineers, we shall use it since it 
permits the analysis to follow the same pattern already 
familiar in the dynamic analysis of linear systems under 
deterministic excitation. We shall not constantly cite 
these two references in what follows, the reader under- 
standing that for answers to questions relating to 
theory, he must refer to them. 


(2) Analysis 


Let the length of the beam be L, its bending stiffness 
ETI, its depth 2h, and its mass per unit length m. With 
damping constant c, the equation of motion and bound- 
ary conditions become, respectively, 
a?(0*W/dx'*) + 28(0W/dt) + (0?W/dt?) = P(x, t) (2) 

W(0, t) = Wi, t) = 0 
o’w ow (3) 
= : () 
Ox? |, =0 Oe tw 


where W(x, ¢) is the transverse displacement and 
a® = EI/m, 28 = c/m (4) 


We write” 


R(x) = . R; sin (jrx/L) (5) 

j=l 
Where R(x) is deterministic, the R; are constants; 
where R(x) is random, the R; are random variables. 
More will be said about this later. Eq. (1) now be- 


comes 
Pix, t) = ow > R; sin (jrx/L) (6) 
Pe 
We now seek a solution of the form 
W(x, t) = > 7;(t) sin (jrx/L) (7) 
j=1 


This equation satisfies the boundary conditions. The 
substitution of Eqs. (6) and (7) into Eq. (2) leads to the 
system of equations 
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T; + 267 *T,=R,O®, j= 1,2,... ©) So, _—* 
Vy + 21s + 09°T; 1Q0, J lm >> > E}R,R,} sin (jrx/L) sin (kax/L) X 
E mn—+>oj=1 k=] 
where p;? = a*(jr/L)* (9) 


and the dots indicate differentiation (in a sense to be 
described below). 
For positive values of time, let h,(¢) be the solution 
of the equation 
h; + 26h; + phy = 0 


: p (10) 
hO) = 0, h,(O) = 1 


and let /;(t) be zero for negative time. Then, assum- 


ing p;*> 6’ forj = 1,2,... 
h(t) = e~” sin p,'t/p;’ (11) 


p;’ alas V p;? ~ 


where 


The covariance I'g(t, 4) of Q(t), with E\Q()} = 0, is 
given by the equation 


Po(h, t:) = El Q(t)O(r)} (12) 


the E before the curly brackets denoting expectation. 
Since Q(t) is of second order and m.s. continuous, 
T'o(ti, f2) is bounded and continuous. 

The ordinary Riemann integral 


t t 
f f h(t — ri)hj(t — t2) O(n, t2)dr1, dr. (13) 
to Jb 


exists and is finite. Hence, the m.s. Riemann integral 


t 
f h(t — r) Q(r)dr (14a) 
lo 


exists. Moreover, Eq. (14a) possesses two m.s. de- 
rivatives 


t 
{ hj(t — tr) Or) dr 

“4 ( (14b) 
J hj(t — 7) Q(r) dr + Q(t) | 

lo 


Hence, if the derivatives in Eq. (8) are interpreted as 
m.s. derivatives, the mean square solution of Eq. (8) is 


7,(t) = A; cos w;'t + B; sin w;’t + 


t 
R; { ht — r)Q(r)dr, 7 = 1,2,... (15) 
t 


0 
where A; and 8B; are arbitrary. Assuming, as we 
shall, that the beam is at rest at ¢ = f, we may replace 
Eq. (15) by 


t 
P(t) = R f h(t — r) Q(r)dr, f = 1,2,... (16) 
t 


0 


The substitution of Eq. (16) into Eq. (7) yields the 
equation 


0 t 
W(x, t) = > R; sin (jrx/L) f hj(t— 7) Q(r)dr (17) 
1 lo 


provided we assume, as we shall, that 


t rt 
f f h(t — mn)hy(t — r2)Ve(m1, r2)dryd72 (18) 
to J to 


exists and is finite for all approaches to the limit. Eq. 
(17) may be regarded as the m.s. solution of Eqs. (2) 
and (3) provided the beam is at rest at ¢ = f. The 
mean of W(x, ¢) is zero, since the mean of Q(t) is zero, 
expectation and “‘limit in mean.’ commute and the mean 
of Q(t) is zero; its covariance is given by 


T(x, th, te) = E} W(x, ti) W(x, te)} = 


 £ E} R;R,} sin (jrx/L) sin (kaxv/L) X 


j=1 k=1 


*t 2 
| { Ay(ty -— Pas h,.(te we 72) *Ve(71, r2)d 71d r2 (19) 
to lo 


What has been said so far is applicable to stationary 
is well as nonstationary processes. Typical examples 
of random disturbances which are nonstationary are 
those arising from blasts, earthquakes, shocks, etc. 
While such disturbances are of considerable technical 
interest, there does not appear sufficient information at 
this time concerning their covariance, probability dis- 
tributions, etc., to warrant attempting significant calcu- 
lations. For this reason, we shall now assume Q(f) is at 
least weakly stationary. 

Let Pe(w) denote the power spectral density of Q(t). 
Then we have the well-known relations 


To(t, ¢ + 7) = To(r) 


To(7) = (1/2) { Po(w)e***” dw 
o> (20) 


Pa(w) = (l/r) | lo(r)e “T dr 


Although the last two of Eqs. (20) are somewhat restric- 
tive in their range of application, they suffice for most 
engineering purposes. 

We shall also put 46 = — © which means that we 
disregard the starting transient. The integrals in 
Eqs. (14) still exist as m.s. Riemann integrals if we 
replace f) by — ©. We now write Eq. (17) as 


W(x, t) = >> R, sin (jax/L) f hj(r) X 
1 0 
Q(t — r)dr (21) 


This series converges in m.s. if we assume that the 


m n 
lm >> >> E{R,R,} sin (jrx/L) sin (kax/L) X 


mn->oj=l1 k=1 


{ f hy(r1)h, (72) -Te(t — te + r)dridte 
0 0 


converges to a finite limit regardless of how the limit is 


approached for r = 0. Then, Eq. (19) becomes 
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E} R;R,} sin (jrx/L) X 


1 


Twix, 7) = > pa 


j 


1 fk 
sin (karx/L) [ { hj(r1)hy( 72) X 
J0 0 


To(t — te + ri)dtidrz (22) 


Since the nean of Q(t) is zero, Eq. (22) shows that 
V(x, t) is weakly stationary. Eq. (22) takes the form 


Py(x, 7) = (1/2) es pe E \f g(x, —w) X 
j=] k i — = 


gx (x, w)Pe(w)e™"*’ dup (23) 
upon employing the last of Eqs. (20). Here, 
sin (jrx/L) 
g(x, w) = R; J (24) 


p;? — w* + 128w 


If we may interchange the order of summation and 
integration in Eq. (23), it becomes 
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(1/2) f P(x, wet? dw 
— @ 
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w(x, r) = (1/2) | E} |Gw(x, iw) |?} X 
Pa(wie re’ dw (25) 
, R, sin (jrx/L) ; 
where Gy(Xx, Ww) = - (26) 


=] (p;* — w* + 128w) 


and this is the displacement frequency response at x 
when the beam is subject to the fluctuating excitation 
R(x)e’*’. The covariance l'y(x, 7) and power spectral 
density Pyw(x, 7) are related through equations similar 
to the last two of Eqs. (20): 


(1/2) f Pyw(x, we" dw 
= ‘ - 
(] TT) l' w(x, Te — dr 
. ee 


With these and Eq. (25), we find that 


l w(x, tT) = 


Py(x, w) = 


Pyw(x, w) = |G(x, tw) |? Pe(w) (28) 


Formulas analogous to Eq. (21) and Eqs. (25)—(28) 
may be obtained for maximum bending stress S(x, ¢) 


at x; they are 


—(Ehr?/L?) >> 7?R; sin (jrx/L) f h;(r)Q(t — r)dr 
0 


(29) 


Mes) = 
j=1 

r'g(x, 7) = (1/2) f E} |H (x, iw) 2! Po(w)et *” dw 

; Ehxr? & 7*R; sin (jrx/L) 
H(x, w) = ~ to S —— 

L? j=1 p;? — w? + 128w 

I's(x, 7) = 
P35(x, w) = (1/7) f I'(x, r)e ’ dr 


Ps(x, w) = E} |H(x, iw) |2} Po(w) 


where I'<(x, 7) is the covariance and Ps(x, w) is the 
power spectral density for S(x, ¢). 

The random process Q(t) determines the spectral 
density Pg(w). In spite of the differences which may 
occur in the spectra of processes occurring in nature, 
they all possess the common feature that their total 


power is finite—.e., 


(1/2) f Po (w) dw < co 


A simple form which we shall use in the following and 
which has this feature is 


Pa(w) = P qu" (wo? + w?) (30) 

where Pg and wo are real constants. Thus, 
(1/2) f Po(w)dw = (rPau/2) = aQ” ” 
_— (31) 


Te(w) = (wPgu/2)e°“"" 
Fig. 1 shows Po(w) and T(r). Since T'g(r) is continu- 


ous at tr = 0 but not differentiable, Q(t) is m.s. con- 





tinuous, but not m.s. differentiable. By selecting 
values of wo, we can alter the spread of Pg(w) and the 
sharpness of T'g(7) at 0. 

The spectrum and covariance of a white noise proc- 


ess may be obtained by letting w—~ ©: 
(32) 


where 6 is the usual delta function. These are shown 
in Fig. 2. White noise is a completely random proc- 
ess. While no process exists in nature with the char- 
acteristics given in Eqs. (32), since its total power or 
variance is infinite, it is sometimes convenient to use 
it as an approximation to a real process especially 
when the rapidity of the fluctuations in the excitation 
are orders of magnitude faster than any which can 
occur naturally in the system under consideration. 
In the theory of Brownian motion® of a particle, for 
example, the use of a completely random excitation 
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Fic. 1. Covariance and spectral density corresponding to Eqs. 
(30) and (31). 


with spectral density and covariance as in Eq. (32) leads 
to predictions of mean square displacement in con- 
formity with observation. Intuitively, one would ex- 
pect that if independent random disturbances having 
band limited white noise types of spectra act upon a 
lumped parameter viscously damped linear system 
and if the lowest cutoff frequency is much larger than 
the highest undamped natural frequency of the sys- 
tem, the mean square values of displacement (absolute 





l f- - a Pawn?e - " dw 

2 J—@ (w? + wo’)(w? — pj? — 128w)(w? — pj? + i28w) 
j — woT + we 87 
5 woe a 
\ 26p;° 


and this is finite for 7 = 0. 


[p;? + wo? — (28)?] cos p;’r + = 
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Fic. 2. Covariance and spectral density of white noise 


and relative) would be very close to those predicted 
on assuming the disturbances completely random. 
This is the case. A similar remark obviously cannot 
be made for a continuous system; hence, the use of 
Eqs. (32) in engineering calculations requires careful 
justification. 

The double integral appearing in Eq. (13), with the 
second upper limit replaced by ¢ + 7 and the lower 
limit replaced by — may be rewritten in terms of 
Po(w) and with Eq. (30) evaluated: 


_ TPe 


: [(p;? + wo")? = (2Bwo)?]-! x 


wnte"* : ' , ) 
= [3p,;? + wo? — (28)?] sin p,; re 


yA 


(33) 


2p;"p;? 


Hence, the integral on the right of Eq. (21) exists as a mean square Riemann integral. 


Since the right of Eq. (33) may be differentiated four times with respect to 7 at 7 = 0), this integral possesses two 
mean square derivatives as it should. The double integral on the right of the expression just below Eq. (21) may 


be also rewritten and evaluated: 


1 f- i Pqwoe as dr 

2 J— = (w? + wo®)(w? — pj? — i28w)(w? — py? + 128e) 
2BrP quire ** [2(b;* 
[(p,? — 26? + wo)? + (26p,") 


—, 28? + wo”) (p,? = p,? a a ie 86? BO creed <d : as T (r) (34) 
= jk e 


mPqwore ”"[(p;* ; 
bs’ [(p;" = 26? + wo”)? + 
for7 >. For 7 < 0, interchange j and k and replace 


rt by |r |. This must a’so be done in Eq. (33). 
Then, provided the expressions 


> Dd E{R; R,} sin (jrx/L) X | 


j=1 k=1 | 
me sin (krx/L)I (0) (35) 
a ee LR; R,} sin (jrx/L) X 
j=l k=1 


sin (krx/L)7*k*I (0) } 


converge for all approaches to the limit, Eq. (21) and 
the first of Eqs. (29) converge in m.s. and 


TPgae 


- 2(p,2 + an? + 28wo) (px + wo” aia 2B) 


— 297 + wo? + (p; — px? — 48?)] cos p,’r 
aT bP = De — AB + (48 Py 


(26p;") 1[(p;? — = 4° )? + (48p,;’) | 


oo 


Pets 1) = SS BR Ri X 
sin (jrx/L) sin (krx/L)I (7) (36a) 


I's(x, r) = (Eh?/L?)? ) > PRE E; Ey} X 
j=1 k=1 


sin (jrx/L) sin (karx/L)Ix(7) (36b) 


The variance for W(x, t) and S(x, t) are given by the 


formulas 
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ow’ (x) ae T w(x, 0) 
(37) 
os*(x) = i os 0) 
Case (A): R(x) Deterministic 
We have 
> ’ ai 
E\R; Rx} _ R, R, (38) 


and, since R(x) is known, 
L 

R; = (2/L) [ R(x) sin (jrx/L) dx (39) 
/70 


from Eq. (5). 

If R(x) is piecewise smooth, as is usually the case with 
distributed loads, we know that the magnitude of R; 
decreases at least as fast as 1/j as j increases; hence, we 
write 

R; = a;(1/7) (40) 


where a; is aconstant. Combining Eqs. (38) and (40) 
and substituting in Eqs. (35), we find that each of 
these expressions has a finite limit. Therefore, by 
Eqs. (37), we see that the W(x, t) and S(x, t) have 
finite m.s. values when there is finite power in Q(t). 

Now let us go to extremes and assume that wo > ©. 
Eq. (30) and the second of Eqs. (31) are replaced by 
The m.s. Riemann integral 


t 
f h(t — r)Q(r) dr (41) 


[ { h;(71)h;(72)T “(r— T2 + 73) dry dt = 
70 /70 


Eqs. (32). 
still exists since 


(rPge°"/4p;7)} cos p;'r + (B/p;’) sin p;’r{ (42) 


is finite at 7 = 0. The right-hand side of Eq. (42) is 
twice differentiable with respect to 7 at r = 0 and the 
second derivative is continuous there; this means that 
Eq. (41) has a m.s. derivative which is m.s. continuous. 
The lack of a second m.s. derivative follows because 
we are now allowing infinite amplitude fluctuations in 
loading to occur infinitely often in every finite time 
interval. Eq. (34) becomes 

Ty (7) = lim J,(7) 

=> © 
Pobe~*""! 


= —___ x 
(p;? ro p,? re 487)? + (46p,;’)? 


ce 2 — 4? and 
\4 cos p;'t _ Ps = sin ps'\n|t (43) 


We again find that each expression in Eqs. (35) has a 
finite limit when J,,(0) is replaced by J, °(0). There- 
fore, W(x, t) and S(x, ¢) have finite m.s. values even 
when there is infinite total power in Q(t) provided that 
R; decreases at least as fast as 1/7 as 7 increases. 

If R(x) represents a single concentrated load at the 
center, say, then 


R; = (2/L) sin (jr/2) (44) 


and we find that W(x, ¢t) and S(x, ¢) have finite ms. 
values for wo < ©, but S(L/2, t) does not have a finite 
m.s. value although W(x, ¢) still does when wy > ©. 
Hence, for a single concentrated load at the center, 
the displacement and stress have finite means squares 
for finite variance of Q(t); the displacement has a finite 
mean square but S(L/2, t) does not when Q(t) has in- 
finite variance. 
Case (B): R(x) Random 

We take R(x) to be of second order, m.s. differenti- 
able, with mean E}R(x)j} = 0. If the mean is not 
zero, it may be treated separately by the procedure 
given in Case (A), since it is deterministic. 

Let 

E} R(x) R(y)} = Tr(x, y) (45) 

The R,; in Eq. (5) are now random variables. p(x, y) 
possesses the derivatives OI,/Ox, Olr/Oy, and 
OT R/OxOy. Hence, 


Tex, y) = > Dd EIR; R,} sin (jrx/L) X 
j=1lk=' 


sin (kry/L) 


E pL 
E}\R; Rij = (4/L?) f | r(x, vy) X 
0 0 


sin (jrx/L) sin (kry/L)dx dy 


(46) 


Since the limit in the first of Eqs. (46) is independent 
of how it is approached, Eq. (5) is m.s. convergent. 

From the continuity and piecewise smoothness of 
r(x, y), it follows that E}R; R, decreases at least 
as rapidly as 1/jk as j and k increase. The expressions 
in Eqs. (36) thus converge to finite limits regardless 
of how the limit is approached; this is still the case 
when wo > ©. Again we see that W(x, t) and S(x, ¢) 
have finite m.s. values, or, what is the same thing, finite 
variances regardless of whether Q(¢) has finite or in- 
finite variance provided only that p(x, y) is piecewise 
smooth as is usually the case in physical applications.® 

Making the extreme assumption that R(x) is com- 
pletely random, 


T'z(x, y) = Ké(x — y) (47) 
where A is aconstant. Then 
E}R;, Rif =0 forj #k 


E {R,;?} = const. 


(48) 


W(x, t) and S(x, t) have finite m.s. values as long as 
wo is finite, as is clear from Eqs. (35). If we go the final 
step towards unreality and assume that Q(t) has in- 
finite total power with a white noise type of spectrum, 
then W(x, ¢) still has a finite m.s., but S(x, ¢) does not. 


(3) Conclusion 


The displacement and maximum bending stress in a 
uniform simply supported Bernoulli-Euler beam with 
constant distributed external viscous damping have 
been calculated for a number of random disturbances. 
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In all cases in which the total power or variance of 
the time-varying excitation Q(t) is finite, displacement 
and stress have finite m.s. values. Even if the variance 
of Q(t) is assumed infinite with Pg” as in Eqs. (32), this 
is still the case provided that when R(x) is deterministic 
it is piecewise smooth and, when it is random, that 
I'p(x, y) be smooth. Fora single concentrated force at 
the center and for a completely random R(x), the bend- 
ing stress does not have a finite m.s. value when 
oq” = ~, although the displacement still does. 

Hence, in the cases examined and for assumptions 
on the random excitation which are physically plausible, 
the Bernoulli-Euler theory with distributed (constant) 
external viscous damping predicts finite m.s. displace- 
ment and bending stress. 

We mentioned earlier that Pg(w) is determined by 
the random process Q(t), and we chose to work with 
a process having the Po(w) given in Eq. (30). Finite 
total power, one adjustable parameter, and ease in 
carrying out certain integrations guided our choice. 
We do not claim that this spectrum merits special 
attention. It is simply physically plausible and suit- 
able for our purposes. Other spectral densities ap- 
plicable to gusts, for example, are available.6 None- 
theless, it does appear reasonable to conclude on the 
basis of our investigation that any other Q(t) associ- 
ated with an actual random process should yield finite 
m.s. displacement and stress for our model. One point 
not discussed is how the m.s. stress in a Bernoulli- 
Euler beam and a Timoshenko beam differ as a func- 
tion of w when using a Q(t) with the spectral density 


SPACE 


SCIENCES—MAY, 1960 
of Eq. (30). This is a fairly interesting point as it 
might indicate that it is necessary to use the more 
complicated model for wo sufficiently large. We hope 
to discuss this point in a future paper. 


References 


Press, Harry, and Mazelsky, Bernard, A Study of the A ppli- 
cation of Power-Spectral Methods of Generalized Harmonic Analy- 
sts to Gust Loads on Airplanes, NACA Report 1172, 1954. 

* Liepmann, H. W., Extension of the Statistical Approach to 
Buffeting and Gust Response of Wings of Finite Span, Journal of 
the Aeronautical Sciences, Vol. 22, No. 3, p. 197, March, 1955. 

3 Press, Harry, and Houbolt, J. C., Some Applications of 
Generalized Harmonic Analysis to Gust Loads on Airplanes, 
Journal of the Aeronautical Sciences, Vol. 22, No. 1, p. 17, 
January, 1955. 

‘ Eringen, A. C., Response of Beams and Plates to Random 
Loads, J. Appl. Mech., Vol. 24, No. 1, p. 46, March, 1957. 

5 Diederich, F. W., The Response of an Airplane to Random 
Atmospheric Disturbances, NACA TN 3910, April, 1957. 

6 Saunders, K. D., A Power-Spectrum Equation for Stationary 
Random Gusts, Including a Sample Problem, Journal of the Aero- 
nautical Sciences, Vol. 25, No. 5, p. 295, May, 1958. 

7Samuels, J. C., and Eringen, A. C., Response of a Simply 
Supported Timoshenko Beam to a Purely Random Gaussian Proc- 
ess, J. Appl. Mech.. Vol. 25, No. 4, p. 496, December 1958 

8 Moyal, J. E., Stochastic Processes and Statistical Physics, J. 
Roy. Statist. Soc., Ser. B., Vol. 11, 1949. 

8Loéve, Michel, Probability Theory, Chapter X, D. van 
Nostrand Co., Inc., New York, 1955. 

10 Van Lear, G. A., Jr., and Uhlenbeck, G. E., The Brownian 
Motion of Strings and Elastic Bars, Phys. Rev., Vol. 38, p. 1583, 
March, 1931. 


On the Estimation of Structural Damping 
From Aircraft Resonance Tests 


(Continued from page 342) 


The calculation of the response columns in terms of 
the generalized coordinates from the displacements 
measured at a sufficient number of points presents the 
greatest difficulty due to the probable variation in 
these columns with change in measuring points. The 
extent of the variation depends ultimately on the 
quality of the semirigid approximation; a practical 
procedure would be to calculate the response columns 
(at any one frequency) from a number of sets of 1 
displacements and to compare the results. Should 
they not differ greatly, a set of mean response columns 
could be constructed. 

Finally, the matrix of damping coefficients should be 
rendered symmetrical by averaging corresponding ele- 
ments before inclusion in the flutter equations; exten- 


sive lack of symmetry would indicate failure of the 
method. Such averaging will also, to some extent, 
assist the theoretical linear damping mechanism to 
describe internal dissipation in the physical system 
which will depend on both frequency of excitation and 
absolute amplitude of response. 
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Ablation of Reinforced Plastics 


in Supersonic Flow! 


GEORGE W. SUTTON* 


General Electric Company 


Summary 


The ablation characteristics of several reinforced plastics were 
investigated in the flow of a rocket exhaust. The simulation 
characteristics for ablation of a vehicle in hypersonic flight are 
considered, which indicates that the rocket exhaust is generally a 
more severe environment. The thermal diffusivities of the ma- 
terial were also measured during the ablation tests by means of 
anew technique. The ablation results are reported as an “‘effec- 
tive heat of ablation’’ which represents the heat blocked or ab- 


sorbed per unit ablated mass. These ranged from about 10° 


B.t.u./lb. for a silicone-asbestos, to 6 X 10° B.t.u./Ib. for plastics 
reinforced with Refrasil fibers, which are about 96 per cent pure 
silica. 
Symbols 

A = cross section of re-entry body 

Cp = drag coefficient of re-entry body 

C, = specific heat 

H, = effective heat of ablation 

D = diameter of calorimeter 

AH = enthalpy change per unit volume of reinforced plastic 

k = thermal conductivity 

M == Mach number 

p = pressure 

q = ‘‘calorimeter’’ heating rate 

V = gas stream velocity 

W = weight of re-entry body 

x = distance ablated 

éz = ablation rate 

t = time 

T = temperature 

p = weight density 


a = thermal diffusivity 


[] 


concentration 


Subscripts 

c = chamber of rocket engine 

i = insulator 
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QO = initial 

pb = reinforced plastic 

s = calorimeter 

« = outer wall 

] = ahead of normal shock 

2 = immediately behind normal shock 

3 = at edge of boundary layer at the stagnation point 


Introduction 


4S bee ABLATION METHOD of absorbing aerodynamic 
heating for hypersonic flight is distinctly different 
from the conventional heat sink methods, because the 
heat is not necessarily conducted into the interior of 
the skin material but is absorbed by the temperature 
rise of a thin layer near the surface until it melts or 
Thus, ablation is characterized by a con- 
Therefore, it is 


vaporizes. 
tinuous loss of surface material. 
low thermal conductivity and a large enthalpy change 
from its initial temperature to the temperature at which 
it leaves the surface. Although monolithic ceramics 
generally possess such properties, they are subject to 
thermal shock and spalling. Hence, it is necessary to 
consider the ceramic in some other form. This form is 
suggested naturally by the use of inorganic oxide fibers 
in the form of reinforcement for thermosetting plastics, 
which are commonly available. In this study, a 
number of plastics reinforced with inorganic fibers 
were investigated for possible use as an ablation ma- 
terial. 

A relation that sometimes has been used to determine 
the rate of ablation, x, is 


<= (1) 


g/ AH 


where g is the net heating rate to a nonreacting imper- 
meable wall at the surface temperature of the ablation 
material, and AH is the increase in enthalpy per unit 
volume between the initial temperature of the material 
and the temperature of the material when it has been 
removed from the surface by the ablation process. 
However, this simplified analysis is inadequate be- 
cause of the very complex mechanism of ablation of 
reinforced plastics. The thermal conductivity of most 
reinforced plastics is quite low; hence, the temperature 
rise in the plastic is usually confined to a narrow region 
near the heated surface. In this region the plastic 
resin decomposes into a gas whose composition is not 
completely known, and leaves behind a linked car- 
bonaceous structure. The inorganic reinforcing fibers 
reach a temperature sufficiently high so that they melt 
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Fic. 1. Schematic diagram of experimental equipment. 


into a liquid film which flows along the surface in the 
direction of the main air flow: the liquid carries with 
it some of the carbon. The reinforcing fiber may also 
evolve some gas by evaporation of its constituents. 

The gases which are evolved are then injected into 
the boundary layer, and may alter the convective heat- 
transfer rate to the gas-material interface. The extent 
of this alteration and the amount of carbon combusted 
at the interface are not known. Thus, the convective 
heat transfer through the interface cannot be calculated 
without making simplifying assumptions. Further- 
more, the liquid film convects some of the heat in the 
meridional direction so that not all of the heat transfer 
through the interface at a given point reaches the un- 
heated plastic at that point. 

In view of this lack of basic information concerning 
the mechanism of the ablation process, a series of tests 
were made to determine the gross ablation rates of 
several reinforced plastics in the exhaust of a rocket 
motor. The rocket motor exhaust cannot completely 
duplicate high-speed flight in air, but several of the 
more important environmental conditions can be simu- 


lated quite well. These include the heat-transfer 
rate, stagnation-point pressure, density, and skin 
friction. Of course, the chemical kinetics are not dupli- 


cated, and the rocket motor exhaust is notorious for 
rapid fluctuations in temperature, velocity, and pres- 
sure. The question of simulation is treated below in 

some detail. 
The results are reported as the ‘‘effective heat of 
ablation,’’ #/,, which is the ratio of the calorimeter 
The 


as the 


“‘calo- 
heat- 


heat transfer to the rate of mass loss. 
rimeter”’ heat-transfer rate is 


transfer rate to an impermeable non reacting surface 


defined 


having zero emissivity at the same temperature as the 
surface temperature of the ablating material. 


Preparation of Models 


The models were 1-in. diameter hollow hemispheres 
which were individually molded in a set of matched 
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TABLE 1 
Rocket Operating Conditions, Wt. O2/Wt. fuel = 2.081 
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metal molds at high pressure so that the fabrication 
procedure was representative of that used for larger 
parts. No laminates were considered, because pre- 
liminary testing of custom molded laminates revealed 
that, when they were heated, the resin between the 
layers of reinforcement became carbonized, causing pre- 
mature loss of the reinforcement by delamination 
Instead, molding compounds containing the reinforce- 
ment in short lengths in random orientation were used. 
After the hemisphere was fabricated, a cylindrical after- 
body was molded onto it. A small hole was drilled 
partway into the hemisphere from the inside, and a 
chromel-alumel thermocouple made of 0.010-in. diam- 
eter wire was inserted. The hole was then filled with an 
epoxy resin. Each thermocouple, complete with leads, 
was calibrated prior to installation. 

Two different resins were used: Cincinnati Testing 
Laboratory 91LD, which is a high-temperature phe- 
nolic, and Dow Corning 2106, which is a high-tempera- 
ture silicone. These two resins were selected on the 
basis of preliminary tests using an oxy-cyanogen torch. 
Although some other phenolic resins showed about the 
same resistance to heating as*91LD, 91LD is more 
widely known to industry and its properties have been 
It is reported as having excellent 
The 2106 is relatively 


studied extensively. 
bonding strength to glass. 
newer, but was reported as having good strength reten- 
tion at elevated temperatures. However, the fabrica- 
tor had some difficulty in molding parts from 2106 be- 
cause of its greater viscosity, which hindered the closing 
of the mold. 

The reinforcements which were used are as follows: 

(1) Fiberglas strands, chopped into 1/2-in. lengths. 
The glass is known as “‘E”’ glass. 

(2) Raybestos-Manhattan asbestos, No. 325. 

(3) Short staple Fiberfrax, which is essentially alu- 
minum silicate. Fibers of this material are difficult to 
draw, consequently they are blown, resulting in short 
lengths and very small diameters. 

(4) H. I. Thompson Co. Refrasil, P 100. 
96 per cent pure SiO., made by leaching the lower melt- 
The leaching 


This about 
ing flux oxides out of ‘‘E”’ glass fibers. 
process causes the fiber to shrink and become porous, 
reducing the fiber strength considerably. 

(5) Type 181 Fiberglas cloth, chopped into 1/2-in. 
squares. This is a relatively newer method of using 
glass, and reinforced plastics using this have been used 
successfully for several high-temperature applications, 
such as fins, small rocket nozzles, and jet vanes. 

The molding compounds were mixed to contain by 
weight 1/3 resin and 2/3 reinforcement. However, 
the higher molding pressures which were required to 











[O];, Molar [Oo}3, Molar 
c 














Pe, psia Ty, °R. fi, psia Assumption oar vse. M, 2/ pi ps, psia p;, Ib. /ft.3 9 
300 5,850 30 equilibrium 6,900 2.12 3.94 168 6.50 X 10-2 2.6 10.0 
300 5,850 30 frozen 6,640 2.13 3.41 189 7.382 X 107? 1.8 9.3 
300 5,850 14.7  equlibrium 7,750 2.54 5.24 121 4.63 X 107? 3.1 10.2 
300 5,850 14.7 frozen 7,440 2.54 4.23 138 5.35 & 1072 1.8 9.3 
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close the mold for the silicones caused some resin flash, 
and resulted in densities which correspond to 80-90 per 
cent reinforcement. The specific gravities of the sam- 
ples are given in Table 3. 

Model 4 was not fabricated using the above pro- 
cedure. Instead, it was made by cementing together 
two pieces of General Electric Textolite, grade 11508. 
The purpose of the test was to determine whether stock 
reinforced plastics had desirable ablation properties, 
and whether a glued joint would effect the ablation 
rate. The particular cement which was used was a 
polyester: Hetron 92 + 10 per cent CaCQs. 


Test Method 


A schematic of the equipment is shown in Fig. 1. 
The rocket motor had an exit diameter of 3.75 in., an 
area ratio of 4, and burned oxygen and 92.5 per cent 
ethyl alcohol. The nominal weight ratio of oxygen to 
fuel was selected as 2.08 in order that the products of 
combustion contain some oxygen. For that mixture 
ratio, a chamber pressure of 300 psia should result in an 
exit pressure of about 15 psia, using an equilibrium cal- 
culation. However, previous experiences with that 
particular motor indicate that when the pressure at 
the lip is atmospheric, the pressure at the exit center- 
line may be more than two atmospheres. 

In order to determine the environmental conditions 
at the model, extensive thermochemical calculations 
were made.! The results are shown in Table 1, for 
two different exit pressures and for both equilibrium 
and frozen flow, because of the uncertainty of the chem- 
ical conditions and exit pressure. The density ratio 
across a normal shock located at the exit is also given, 
which is useful for calculating the stagnation point in- 
viscid velocity gradient. The range of probable stag- 
nation-point pressure, density, and oxygen concentra- 
tions are also given in Table 1. 

The model was located well within the first shock 
diamond in order to prevent shock-wave boundary- 
layer interaction. The tests were made by igniting 
the engine and lowering the model into the flow after 
full thrust was attained. The time required to insert 
the model was less than (0.1 sec. The exposure time 
was limited to 5 sec. in order to minimize shape changes 
of the model. The thermocouple voltage was recorded 
with an galvanometer oscillograph together with the 
run duration. The time duration of the test was meas- 
ured from the time the model was centered in the flow, 
until shut down of the motor. After each run, the 
change in shape of the specimen was measured. Only 
one sample of each material was tested. 

The surface brightness temperature was measured 
with an optical pyrometer, which had been calibrated 
with a standard lamp placed at the rocket nozzle exit. 
Brightness temperatures which were measured during 
some preliminary tests of longer duration indicated 
that the surface temperature remained constant during 
the run. Hence, it is assumed that the measured sur- 
face temperature during a test is constant during the 


entire test. The surface emissivities of the ablating sur- 
faces are not known, but there is reason to believe that 
they are close to unity. The rocket exhaust was almost 
nonluminous in comparison to the luminosity of the 
heated model surface. It is assumed that the bright- 
ness temperature is the actual surface temperature. 
The range of the temperature data of Table 3 may be an 
indication of the uncertainty in these measurements. 


Flight Simulation 


The validity of the extrapolation of the results to 
hypersonic flight conditions depends upon the degree of 
simulation of flight conditions in the rocket exhaust. 
This question cannot be resolved exactly for two rea- 
sons: (1) the chemically reacting flow in both flight 
and the rocket exhaust are extremely difficult to ana- 
lyze; and (2) the factors which are responsible for the 
ablation are not completely known. However, the 
range of the simulation of the more important environ- 
mental factors are discussed below. 


(1) Heating Rate 

The ‘calorimeter’ heating rate at the stagnation 
point of the model was determined during a calibration 
test by inserting a small slug of silver into a model at 
the stagnation point. A thermocouple was peened into 
a small hole in the rear of the silver slug and the surface 
of the slug was finished flush with the model. The 
model was lowered into the rocket exhaust flame, and 
the thermocouple voltage was recorded on an oscillo- 
graph with a frequency response of 1,000 cps. 

The Fourier heat conduction law was then used to 
determine the heating rate to the model from the tem- 
perature data; this is shown in Fig. 2 as a function of 
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Fic. 2. Calorimeter heating rate in rocket exhaust for mixture 
ratio of 2.085 and chamber pressure of 293.6 psia 
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"a6 TABLE 2 
Theoretical Molar Oxygen Content at Stagnation 
Point Pressure and 2,700°F. (p. = 300 psia) 
Wt. ratio of O» Equilibrium Frozen 
to fuel [Oz] [O| [Oz] [O} 
1.62 0% 0% 2.3% 0.9% 
1.92 0 0 
2.08 4.42 0 9.3 1.8 
2.24 8.77 0 
2.54 15.53 0 16.7 1.0 
the calculated instantaneous surface temperature. 


The curve has been extrapolated linearly to zero heat 
transfer at the total temperature of the exhaust gas. 
It can be seen from Fig. 2 that the heat-transfer rates 
of 800 B.t.u./ft.*-sec. at a surface temperature of 
3,000°F., do indeed simulate the heat-transfer rates of 
hypersonic flight conditions. It is interesting to note 
that these rates are more than twice as large as those 
predicted by laminar theory. This may be due to the 
presence of high frequency fluctuations of the flow ve- 
locity and pressure, or the effect of chemical reactions in 
the boundary layer. 

If the silver slug were in perfect contact with the 
plastic, the heat transfer would be larger by the follow- 
ing factor: 


Vactual/Ycalorimeter = 


1 + (16/34"2)(piCp,/psCp,)(ait/D2)"2 (2) 


which amounts to a 15 per cent correction at most. 


(2) Chemical Simulation 


Because of the presence of combustible hydrocarbons 
in the resin, it appears necessary to have some oxygen 
present in the main gas flow. The last two columns 
of Table 1 indicate that there is slightly over 11 per 
cent of oxygen at the edge of the boundary layer. 
However, the real question is the amount of oxygen that 
would be present at the wall if there were no reactions 
with the products of pyrolysis. The percentages of 


pr ACE 


1960 


SCIENCES—MAY, 
oxygen at the wall for a temperature of 2,700°F., which 
is a typical surface temperature for reinforced plastics, 
is shown in Table 2 for the assumptions of local equilib- 
rium and frozen composition. It can be seen that a 
mixture ratio in excess of 2.54 is required to obtain the 
oxygen content of air. Mixture ratios this high were 
considered dangerous by the rocket pit operators, so 
that no tests at this ratio were made. However, the 
results of tests at ratios of about 2.25 were not sig- 
nificantly different than tests at lower ratios, indicating 
that the effect of the combustion may be of secondary 
importance for these plastics. 


(3) Surface Shear Stress 

By use of stagnation-point laminar theory, calcula- 
tions were made of the ratio of the surface shear stress 
in the rocket exhaust to that of free flight, as a function 
of meridional angle on a hemisphere. This ratio is 1.6 
when compared to a flight velocity of 20,000 ft. per sec. 
at 100,000 ft. altitude, and 1.0 at 13,500 ft. per sec. at 
60,000 ft. altitude. 


(4) Pressure Gradient 


Since the molten reinforcement is swept downstream 
by both shear stresses and pressure gradient, it is im- 
portant to also duplicate the pressure gradient. Now 
the pressure gradient in the vicinity of the stagnation 
point of a sphere is given by the negative product of the 
gas density at the edge of the boundary layer, the 
square of the stagnation-point inviscid velocity gradi- 
ent, and the downstream length. It has been shown 
that the ratio of heat transfer to mass transfer at the 
stagnation point is independent of the velocity gradi- 
ent.” Hence, the only factor which must be duplicated 
is the density at the edge of the gaseous boundary layer 
at the stagnation point. Fig. 3 shows the range of alti- 
tude and Mach number which are simulated by the 
stagnation density of the rocket exhaust. 











TABLE 3 
Data for Rocket Exhaust Ablation Tests on Reinforced Plastic 1-in. Diameter Sphere-Tangent Cylinders 





Specific Stagnation- Time Weight 
Gravity of Point Surface Surface Duration of ratio Chamber 
Model Reinforced Ablation, Brightness condition at of Test, Oxygen Pressure, 
No. Resin Reinforcement Plastic in. Temp., °F. — end of Test sec. to Fuel psia 
4 Melamine 181 glass cloth 1.81 0.326 2,290 Relatively 6.2 2.28 292 
smooth 
5 91-LD 1/2-in. chopped 
Fiberglas 
strands 1.86 0.156 2, 560 3.8 2.05 299 
6 91-LD R/M 325 
asbestos 1.78 0.198 2,630 Rough 4.7 2.00 300 
7 91-LD Fiberfrax short 
staple 1.83 0.240 2,810 5.0 2.08 302 
8 91-LD P-100 Refrasil 1.63 0.083 2,790 Cracked 5.0 2.05 303 
9 91-LD 1/2-in. chopped 
181 glass cloth 1.84 0.206 2,290 4.9 2.24 300 
10 DC-2106 1/2-in. Fiberglas 
strands 1.93 0.199 3,210 5.1 2 ae 305 
11 DC-2106 R/M 325 as- 
bestos 1.88 0.394 2,870 Cracked 5.1 2.21 297 
12 DC-2106 Fiberfrax, short 
staple 1.80 0.210 3,140 Small cracks 5.0 2.01 307 
13 DC-2106 P-100 Refrasil 1.65 0.077 3,140 5.3 1.98 302 
14 DC-2106 1/2-in. chopped 
181 glass cloth 1.88 0.217 2,920 4.9 2.16 298 
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Fic. 8. Altitudes and flight velocities simulated by stagnation- 
point density in rocket exhaust 


(5) Pressure 


Table 1 shows the probable range of stagnation pres- 
sure p;, in the rocket exhaust. They are close to the 
maximum expected for a 5,500 mile range re-entry body 


with W/CpA ~ 10? Ib. /ft.?. 


(6) Size 

The model size was large enough that the heated re- 
gion was shallow in comparison to the radius. Thus, 
the heat conduction in the solid was one-dimensional 
and the results are applicable to shapes which are much 
larger. Theory’ also predicts that the velocity gradient 
per se has little effect, since the ablation rate and heat- 
ing rate may both be normalized against the stagnation- 
point velocity gradient. 


(7) Time 

The length of time required to establish steady-state 
ablation was less than 0.1 sec. for these tests, as deter- 
mined by detailed examination of Fastax motion pic- 
tures, in comparison to a total run time of about 5 sec. 
This result is verified by simple ablation theory.* 
Therefore, the starting transient had very little effect 
on the results. 


(8) Free-Stream Enthalpy 

Since the effect of gaseous mass transfer on heat trans- 
fer depends on the free-stream enthalpy,* this should 
also be duplicated. Unfortunately, this is only 3,320 
B.t.u./lb. for the rocket exhaust, which corresponds to 
a flight velocity of only 12,900 ft. per sec. Thus, the 
measured results are conservative with respect to flight 
speeds in excess of 13 X 10% ft. per sec. 


Test Results and Data Reduction 


The data taken during each test is presented in Table 
3. The stagnation point ablation, x, is the axial length 
of material which was removed during a test. The 
variation of ablation with meridional angle is shown in 


* This was pointed out to the author by Prof. Lester Lees of 
the California Institute of Technology. 
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Fig. 4. It can be seen that the ablation rate is almost 
constant up to an angle of 60°, after which it rapidly 
decreases. 

The surface condition of each sample after being 
tested may be determined from Fig. 5. The surfaces of 
all samples are quite rough after a test, having a sur- 
face roughness of about 2,000 uw in. root mean square. 
However, during the test, the surface is covered by a 
relatively smooth molten layer of the reinforcement. 
The presence of a glued joint had no apparent effect on 


model 4. 


Effective Heat of Ablation 

Some early experiments indicated that the ablation 
rate for a given material varied almost linearly with the 
“calorimeter” heat-transfer rate. Thus it appears 
that a logical method of data reduction is to divide the 
calorimeter heating rate for the surface temperature of 
each test, as obtained from Fig. 2, by the rate of mass 
loss. The result is called the “effective heat of abla- 
tion.”’ 

An average ablation rate was used, obtained by di- 
viding the length ablated by the run time. Actually, 
there is a starting transient during which time the abla- 
tion rate is less than the steady-state rate. Since the 
transient time is smaller than that required for the 
model to be lowered into position, this correction has 
been neglected. 

The calculated heats of ablation are shown in Table 
4. It can be seen that some models made from phe- 
nolic have a slightly lower ablation rate than those 
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TABLE 


} 


Results of Ablation Tests 


Model 
No. Resin Reinforcement 
| Melamine 181 Glass cloth 
5 91-LD 1 /2-in. Fiberglas strands 
6 91-LD R/M 325 asbestos 
7 91-LD Fiberfrax short staple 
8 91-LD P-100 Refrasil 
9 91-LD 1 /2-in. chopped 181 glass cloth 
10 DC-2106 1/2-in. Fiberglas strands 
11 DC-2106 
1] DC-2106 R/M 325 asbestos 
12 DC-2106 Fiberfrax short staple 
13 DC-2106 P-100 Refrasil 
14 DC-2106 1/2-in. chopped 181 cloth 


made from silicone. However, this difference may not 
be significant in view of the small number of samples. 

Note the high heat of ablation for those samples 
which contain RefrasiJ. Fastax motion pictures taken 
of the tests reveal that for models made with other 
reinforcements, the molten surface flowed readily; 
this was not true for the Refrasil, which exhibited little 
fluidity. 

Another way of calculating the effective heat of 
ablation is to subtract the surface radiation from the 
calorimeter heat-transfer rate, and then divide by the 
rate of mass loss. In these tests, the surface emissivity 
was not measured, and the accuracy of the surface tem- 
perature measurements does not warrant this method. 


Thermal Diffusivity 

For a material with constant thermal properties, the 
temperature distribution in the reinforced plastic dur- 
ing steady-state ablation is given quite closely by’ 


[T(x) — To]/(Ty — To) = exp(—%x/ay) (3) 


where x is the distance from the melting surface, 7) is 
the initial temperature, 7), is the surface temperature, 
a, is the thermal diffusivity, and x is the ablation rate 
given by x/f. Now, a thermocouple which is initially 
at distance x) from the surface will progressively move 
toward the surface. At any time ¢ the distance be- 
tween the heat surface and the thermocouple is given 
by 

x = X% — at (4) 


Substitution of Eq. (3) into Eq. (2) yields the following 
expression for the temperature history of the thermo- 
couple: 

T(t) — 1o = 


(Ly — 1) exp(—24xo/ap) exp(X*t/a,) (5) 


% 


Hence, a semilogarithmic graphical representation of 
the change of thermocouple temperature vs. time should 
be a straight line. Semilog plots of the data did fall 
on a straight line, as a typical plot shows in Fig. 6. 
For those models for which thermocouple data was 
available, the thermal diffusivities are given in Table 
1. For these values, the temperature profiles as given 
by Eq. (3) are quite shallow. This is also evident 


q 


Extrapolated H., ap, 
**Calorimeter”’ Effective Heat of Thermal Diffusivity, 
Heating Rate Ablation, B.t.u./Ib ft.2/sec 
1,085 2.2 X 10 
988 2.5 xX 10 
962 2.5 x 10 0.98 & 107° 
898 1.9 X 10 1.64 & 10~* 
908 6.4 X& 10 1.47 K 10 
1,085 2.¢ X 10 2.c0 < i0™ 
75d 1.9 XK 10 2.68 X 10~* 
877 Be & |, 3.31 kK 10 
782 2 0x 10 0.92 «* 107 
782 6.3 X& 10% 
x 25 


860 2.0 10 1.25 < 10~ 


from sections taken of the melamine and phenolic 
models which are shown in Fig. 7. The darkened area 
which has been heated is somewhat greater than that 
predicted by Eq. (3). This is to be expected because 
of the redistribution of temperature in the model after 
shut down of the rocket motor. The slight cratering 
at the center of some of the specimens was probably due 
to the presence of the thermocouple well. 


Discussion 


From the test results, it appears that the oxygen con 
tent in the rocket exhaust did not have any major effect 
on the results. Thus, it appears permissible to apply 
the results to hypersonic flight in air. However, the 
results should be used with caution because of the small 
number of samples and possible error in the deter- 
mination of the surface temperatures. The accuracy 
of the measured data appears to be +15 per cent. 
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Fic. 6. Temperature rise vs. time for model 8 
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The measured thermal diffusivities are somewhat 
higher than those typical of reinforced plastics at 
400°F. The error in this measurement may be quite 
large due to the disturbing effect of the thermocouple 
installation on the temperature field. 

It is of interest to compare the effective heat of 
ablation, /7,, to the theoretical enthalpy change of the 
reinforced plastic. The enthalpy increase for phenolic- 
silica, including the energy of pyrolysis of the phenolic, 
is about 1,000 B.t.u./lb.4 This value is 50 per cent of 
the measured “‘heat of ablation,’’ /7,, for phenolic-glass, 
and only about 20 per cent for phenolic-Refrasil. In 
the case of glass, the reduction may be caused by the 
mass-transfer cooling caused by the pyrolysis of the 
resin. In the case of Refrasil, the molten layer was 
much more viscous than the glass, which caused the 
melt to remain longer at the heated region. This re- 
sulted in somewhat higher surface temperatures, and 
may have caused some evaporation of silica. The lar- 
ger viscosity and the possibility of silica evaporation 





Melomine-Gloss Cloth 
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may account for the decrease in the ablation rate as 
compared to the Fiberglas. Unfortunately, the mod- 
els containing Refrasil exhibited some structural weak 
ness, as evidenced by the presence of surface cracks. 

The asbestos samples were somewhat poorer in their 
resistance to ablation. Both developed considerable 
surface roughness. 

Both Fiberfrax models had the same ablation param- 
eter; however, the silicone sample developed some sur- 
face cracks. 

The Fiberglas models made with phenolic seemed to 
ablate less than those with silicone. There was not 
appreciable difference between the 
chopped strands as compared with chopped 181 cloth. 
However, some plastic fabricators find that the latter is 


models using 


more convenient for molding large shapes. 

It is interesting that the melamine-glass cloth model 
machined from stock Texolite had about the same resist- 
ance to ablation as the custom molded parts containing 
It had the advantage of verv shallow heat pene- 


glass. 





5. Chopped Gloss 
Phenolic Fiber-91LD 





6.R/M 325 
Asbestos-9ILD Phenolic 





8. Refrosil-9ILD 
Phenolic 


Fic. 7. 





7. Fiberfrox-SILD 
Phenolic 





9. Chopped Gloss 
Cloth-9ILD Phenolic 


Sections of the melamine and phenolic models after exposure. 
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ABLATION OF REIN 


tration, as can be seen from the sectioned model in 
Fig. 7. In addition, the presence of a glued joint had 
no apparent effect on the ablation rate. Thus, as an 
alternate method of fabrication, large shapes may be 
made by cementing together stock Texolite. 


Application to Ablation Design 


To use the results in Table 4, one calculates the heat- 
ing rate to a nonreacting impermeable wall and merely 
divides this heating rate by the heat of ablation to de- 
termine the rate of removal of reinforced plastic, at the 
stagnation point. This ablation data may be used for 
calculations of the ablation rate for trajectories for 
which the heat transfer is varying slowly in compari- 
son with the time required for the ablation rate to 
adjust. This time is given approximately by* 


r= 2m kpppCy (Tey — 70)/2¢)? (6) 


where ky, p,, and C, are the thermal conductivity, den- 
sity, and specific heat of the plastic, and g is the heat- 
transfer rate to the surface. The effect is to slightly 
overestimate the ablation rate. 

This ablation data should not be used for calorim- 
eter heating rates less than 1()? B.t.u./ft.* sec., since the 
radiation flux from the surface may equal the aero- 
dynamic heating at surface temperatures below that 
which will result in appreciable ablation, and the resin 


will simply decompose. 


Conclusions 


(1) A rocket motor exhaust may be used to simulate 
hypersonic heating for flight Mach numbers greater 
than 8 at 70,000 ft. altitude. For altitudes greater than 


Foucault Pendulum Effect 


(Continued from page 347) 


pressions (5.5). In this case, particularly for high- 
speed vehicles, machine computation would be the most 
expedient method for studying the system errors. 
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70,000 ft. the rocket exhaust is a somewhat more severe 
environment. 

(2) The ablation rates of certain inorganic reinforced 
plastics are sufficiently low so that they may be used 
for the thermal protection of re-entry bodies. Data 
has been presented by which calculations can be made 
of the required ablation material. 

(3) The temperature profile in such an ablating plastic 
is an inverse exponential when changes in the ablation 
rate occur slowly in comparison to the time required 
for the ablation rate to readjust. 

(4) The average thermal diffusivity for the tempera- 
ture range 100—2,000°F. is of the same order of magni- 
tude as values at 400°F. 

(5) The largest heat of ablation was exhibited by plas- 
tics reinforced with Refrasil, which is 96 per cent silica. 
This may be due to the high viscosity of molten silica. 

(6) All reinforcements, except glass, seemed to suffer 
from mechanical weakness at elevated temperatures. 

(7) No significant difference was discernible in the 
ablation resistance of melamine, 91-LD, or DC 2106, 
all of which are high-temperature resins. 


References 


1 Munch, N. E., and Youmans, E. H., Rocket Engine Com- 
bustion and Exhaust Flame Calculations fer 92'/2°% Water and 
Liquid Oxygen, R57AGT317 Flight Propulsion Laboratory 
Department, General Electric Company, March 15, 1957 

2 Sutton, G. W., and Scala, S. M., The Two-Phase Laminar 
Boundary Layer with Mass Addition—A Study of Melting Abla 
tion, 1958 Heat Transfer and Fluids Mechanics Institute, Stan- 
ford University Press, 1958 

3 Landau, H. G., Heat Conduction in a Melting Solid, Quart 
Appl. Math., Vol. 8, No. 1, pp. 81-94, January, 1950 

' Vidale, G., General Electric Company MSVD, personal com- 


munication 





Change of Address 


Since the Post Office Department does not as a 
rule forward magazines to forwarding addresses, 
it is important that the Institute be notified of 
changes in address 30 days in advance of pub- 
lishing date to ensure receipt of every issue of 
the JOURNAL and AERO/SPACE ENGINEERING. 

Notices should be printed legibly and sent di- 
rectly to: 


Institute of the Aeronautical Sciences, Inc. 


2 East 64th Street, New York 21, N.Y. 














Readers! Gorm 


RIEF REPORTS of investigations in the aerospace sciences and discussions of papers pub- 


lished in the JOURNAL are presented in this special department. 


Entries must be restricted 


to a maximum of 1,300 words or the equivalent of one JOURNAL page including formulas and 


illustrations. 


Publication is completed as soon as possible after receipt of the material. 


The Editorial 


Committee does not hold itself responsible for the opinions expressed by the correspondents. 





Contents 


Bending of an Orthotropic Plate Clamped on the Boundary 
of a Conic Section. .Y. OHASI AND T. SuzuKI 


Stagnation-Point Heat-Transfer Measurements in Hyper- 
a ee 
S. E. NgErceE, R. W. Ru TOWSKI, AND K. K. CHAN 


Two Analytical Results of Fin-Stabilized Rocket Trajectory 
Under Quadratic Drag Law. K. S. SUNG AND C. ParRK 


A Possible ‘‘Fully Developed’’ nee a Pipe Flow 
DEMETRIADES 


Dynamic Effects in Fatigue Testing............... he 
RicHARD M. ROWLAND AND JAMES L. CRONIN 


Viscous and Leading-Edge Effects in Hypersonic Flow 
ROBERT J. WHALEN 


An Approximation to the Deflections and Strains in a Uni- 
formly Loaded, Clamped, Rectangular Panel Subjected 
to Very Large Plastic Deformations...... srectaies a 
d : ~ JosHua E. GREENSPON 

Thermal Stresses in a Long Circular wen With Axial 
Temperature Variation....... . J. JouNs 


The Approximate Solution of the Equations of Motion of an 
Airplane Moving in a Vertical Plane... .E. F. TROMBLEY 


A Further Extension of the Routh-Hurwitz Stability Criteria 
for Quintic and Sextic Equations.. HERBERT SAUNDERS 


Minor Circle Flight at Large Angles of Inclination....... 
eae geoeend ie ee, et ae Lou 


On the eniied Motion of a Delta — in Supersonic 
Puemt......... ....M. M. SranrS1é 


386 


387 


388 


390 


391 


394 


396 


397 


399 


Bending of an Orthotropic Plate Clamped on 
the Boundary of a Conic Section 


Y. Ohasi and T. Suzuki* 
Department of Applied Mechanics, The University, Nagoya, Japan 
December 29, 1959 


IMPLE SOLUTIONS have Leen obtained by previous authors! * 4 


for the orthotropic circular and elliptic plates clamped on the 
boundary and submitted to a uniform lateral load. A similar 
solution, however, can be easily obtained in more general case 
of conic sections, since a conic section is generally represented by 

the equation of the form 
ax? + 2bxy + cy? +d 0 (1) 


where x, y are the axes of symmetry with respect to the elastic 
properties of the plate. 
The differential equation governing the deflection of an ortho- 
tropic plate is* 
D,(0'w/dx*) + 2H(0tw/dx?dy?) + D,(O04w/dy'!) = G (2) 
In the particular case where the lateral load is expressed by 
a polynomial of x and y, g is given by the expression 


’ s 
g9= DD gm, ax"y (3) 
m=O0n=0 


The solution of Eq. (2), which satisfies the required conditions 
on the boundary, is 


+ d)? Zz: > Co.0 OOF (4) 


w = (ax? + 2bxy + cy? 
m=O0n=0 
where C,,, , is obtained by solving the simultaneous equations; 


* The authors wish to express their thanks to Prof. H. Okubo for his kind 


suggestion, 
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2)(m + 1)D,}a2Cm. n + 4abCma1. ni + 


(m + 4)(m + 3)(m + 
2(ac + 2b?)Cmse2, n—2 + 4b6Cmis.n—3 + C?Cm4s, n—« + 
QadCm42, n + 4bdCm4s, n—1 + 2cdCmss, n—2 +d? Cas, nf + 
2m + 2)(m + 1)(n + 2)(n + 1)H}a2Cn—2. n42 + 
f$abCm—1, noi + 2(ac + 267)Cm. n + 4b6Cm4i, ni 4 
c2Cm42 + 2adCm. noo + 4bdCmii, noi + 2cdCn42, » 4+ 
@Cm4s. n42t + (n + 4)(n + 3)(n + 2)(n + 1)D, X 
5A72Cm—s, n4a + 400Cm—s, nga + 2(ac + 2b*)Cm—s, nps + 
icCas ase + OGe + Oe ott 4bdCm_-1 a T° 
QedCm. naz + ECan. 244i = In. vn» i Sere 

em G1, 2,.....8 (5) 


In the case of a uniform load of the intensity go, 9, the deflection 


Jo, ° 
Ty (@x* + 


a : : 2bxy + cy?+ d)? 
24a2D, + 16(ac + 2b2)H + 24c2D, 


(6) 


In the case of hydrostatic pressure of g = qo.o + Gio X + Gor ¥, 
the corresponding deflection is 


Ww (Co.0 + Ci.ox + Co, 1 y)(ax? + 2bxy + cy? +d)? (7) 


where 
oo ui 124a2D, + 16(ac + 2b?)H + 24c?2D,}, 
CGi.o = [;a2D, + 2ac + 2b?)H + 5e2Dy} 1. 0 ~~ 

4b(aH + cD,)qy. 1) 
+ 2ac + 2b?)H + cD, a ;__= 

4h(aD, + cH)q 
F \5a2D, + 2(ac + 2b7)H + c2D,}j}a2D, + 2%(ac + 

2b2)H + 5c?2D,| — 16b%(aD, + cH)(aH + cD,) 


24F, 


|/24F, 
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Stagnation-Point Heat-Transfer 
Measurements in Hypersonic, Low-Density 
Flow 


S. E. Neice,* R. W. Rutowski,** and K. K. Chan*** 

Missiles and Space Division, Lockheed Aircraft Corporation, 
Sunnyvale, Calif. 

January 8, 1960 


INTRODUCTION 


I HYPERSONIC, low Reynolds number flow around a blunt body, 
the boundary-layer thickness approaches the shock-layer 
thickness (shock standoff distance) within the region of con- 
tinuum flow.' In this instance, the customary boundary-layer 
approximations no longer apply. Hoshizaki? 
have obtained solutions to the incompressible Navier-Stokes 


and Probstein® 


equations in the stagnation region of a blunt body in this hyper- 
sonic low Reynolds number flow. The results indicate that heat- 
transfer rates are substantially higher than those predicted by in- 
compressible boundary-layer theory.* Probstein indicated that 
the actual heat-transfer rates would be correspondingly higher 
than the predictions of Fay and Riddell.6 These findings are of 
particular importance in the atmospheric entry phase of re- 
coverable satellites. Such vehicles would spend considerable 
time in the altitude range from about 500,000 ft. to 250,000 ft., 


the region where the work of references 2 and 3 apply. A large 


* Research Specialist. 
**Staff Scientist 
*** Aeronautical Engineer 
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portion of the total heating would occur in this region, even con 


sidering the predictions of reference 5. Any increase in this 
heating, as indicated by Hoshizaki and Probstein, could alter such 
a vehicle’s performance considerably. The purpose of this note 
is to describe a series of tests, performed in a reflected-type shock 
heat-transfer data in 


tunnel, which provide stagnation-point 


hypersonic low-density flow characterized by a_ well-developed 


viscous shock layer. 


APPARATUS AND TESTS 

Tests were conducted in a reflected-type shock tunnel con- 
nected to the downstream end of a 3-inch diameter, combustion 
driven shock tube. The air in the reflected region is expanded 
through the conical nozzle and exhausts into a plenum chamber 
which is initially evacuated. Models used in these tests were two 
l-in. radius hemisphere cylinders. 
instrumented with a pressure transducer to record stagnation 
The test model was fitted with a thick film heat 


The calibration model was 


pressures. 
transfer gage as described in reference 6 
to ‘“‘tailor’’ the reflection conditions. Calibration pressure records 
indicate that at least 200 microseconds of almost constant flow 


There was no attempt 


was obtained in the selected test conditions. 

For the purposes of these tests, the tunnel was calibrated at 
four selected test conditions (Fig. 1) by measurements of the inci- 
dent shock velocity and the reservoir and stagnation pressures 
With these measurements and the assumpion of equilibrium 
flow, the flow along the centerline was evaluated using tables and 
reference 7. The flow is undoubtedly not in equi- 
Using the results of Bray,’ it is estimated that measured 


charts in 
librium. 

pitot pressures and heat-transfer rates will be less than 10 per cent 
lower than values measured in the equilibrium free stream. This 
will have a correspondingly small effect on the indicated test 
The lower heat rates are opposite to the effect pre- 
The calibration, therefore, 


conditions 
dicted by Hoshizaki and Probstein. 
indicates an ‘‘effective’’ equilibrium free-stream condition cor- 
responding to the equilibrium stagnation-point flow. 


RESULTS AND DISCUSSION 
The experimental results are presented in Fig. 1. Here, the 
ratio of measured heat-transfer rate to the value computed by 
Fay and Riddell’ is plotted against the shock Reynolds number 
based on equilibrium density and viscosity (ps, us) immediately 
behind the normal shock, but including the free-stream velocity 
In using the results 
Correspond- 


(u.,,) and the body nose radius (7,.) of 1 in 
of reference 5, a Lewis number (L) of 1.4 was used. 
ing theoretical values are those of Hoshizaki? and include the 
The shock-wave density ratio varies from 
Hence, 


effect of surface slip.® 
about 0.097 down to 0.072 throughout the test range 
the theoretical points are connected by a dashed line only to indi- 
cate the trend with Reynolds number. As shown in Fig. 1, the 
theoretical predictions of the effect of shock-generated vorticity 
on stagnation-point heat-transfer rates appear to be borne out by 
the experimental results. 

Present plans are to increase the nozzle area ratio by a factor 
of two and to decrease the model size to half of that used in the 


present tests. In future tests, free-stream Reynolds numbers as 





388 FOURNAL OF THE 


low as 50 should be obtained, which will extend the test range to 


the limit of continuum flow. 
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Two Analytical Results of Fin-Stabilized 
Rocket Trajectory Under Quadratic Drag Law 


K. S. Sung and C. Park 
Graduate Students, Department of Aeronautical Engineering, 
Seoul National University, Seoul, Korea 


December 29, 1959 
7 QUADRATIC drag law in power-off flight 


m(dv/dt) = —cv? — mg sinw 


v(dw/dt) = —gcosw 


where m, v, w, g, and ¢ are the mass, linear velocity, flight path 


angle, gravitation, and drag constant, respectively, can be inte- 
grated once after the change of variable 


u v COS w 


into the form 


(2mg/cu?) + In [(1 + sin w)/(1 — sin w)| + 2 see w tanw = a 


where a is a constant to be determined from initial condition. 


When this is expanded in series form 


) 


u/t = 1+ +> Ayw" 


where % = V 2mg/ac, the first five coefficients are 


a, = 2/a, ae 


ay = (6/a?) + (115/2a'), 


a; = (1/a) + (20/a?) 
a, = (11/20a) + (30/a?*) 


l 


+ (1V7/e*) 


6/a, 


Integrating once more for endurance, horizontal and vertical 
listance, respectively, there result 


t = —(1/g)- fusectwdw = —(u 2) >, b,w" *!/(m + 1) + const. 
0 


x = —(1/g)- fu? sec? wdw = 


os) 


— (1?/g) D> yw” +/(n + 1) + const. 
0 


y = —(1/g): fusec®w tan w 


= —(Mm%?/g) > d,w"*t'/(n + 1) + const 
1 
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where the first several terms corresponding to the above men- 
tioned five terms are 

bh = a, b =ac+1, b =a 


b, = I, F 

by = a4 + a2 — (4/3), 05 = as + a3 + (2/3)ay 

be = ag + (2/3) a — (73/45), by = a, + (2/8)a3 + (17/30)a 
by = (2/3)ay + (2/3)a; — (13/45)ae — 1.136 

mo@= 1 aqgeaath, co = a2 + ab + be 

C3 = As + doby + aybo + dz 

Cy = Ag + agby + Gobo + aybs + by 

as + ayby + agbe + aobs + aby + b, 

+- aoby + aybs + dg 


+ ay 


Ce = asd) + agbe + aszb; 

C7 asb2 + agbg + agby + aobs + aybe + by 

Cs asb3 + aqbs + asbs + adobe + aybz + dg 

a4,=1, &@=, ad co + (1/3), ds 

ds; = Cs + (1/3)co + ( + (1/3)ce3 + (2 
+ 


15), db = & 


9 
dj = te + (1/8)e, (2/15)c2 + (17/3815) 
ds = ¢7 + (1/3)c5 + (2/15)c3 + (17/315) 
dy = cs + (1/3)eg + (2/15)ey + (17/315)ec2 


Another approximation is obtained from the extended quad- 
ratic drag law 
(D/m) 


+ g sin w e + fv? 


This enables the integration of equations of motion. The results 


are 
e>8, f>0 
t = —(1/fV) arctan w + const. - 1 
(g/2e) In [1 + (1/w?)] = Intan [(w/2) + (/4)] 4+ rT , 
s = —(1/2f) In (1 + w?) + const 
where 
V = Ve/f, w v/V 
e= —e’ <0, f>0 
t = (1/2fV) In K + const. - 
P e (2) 
(z/2e’) In (1 — w?) = In tan [(w~/2) + (2/4)] + const. 
s = 1/f-1n sinh [(1/2) In K] + const. 
where 


VaWVesf, K=(w4 


and s is the are length of the flight path. 

The heavier the rocket compared with drag and the smaller 
the angle of flight, the better is the convergence of series method. 
One example showed the error of about 4 per cent with w = 45° 
and up 700 m.p.h. 

The new method can be used for any flight angle except for 
terminal dive, and its judicious use has brought less error than 
earlier methods in actual problems. 


REFERENCE 
Trajectory of a Fin-Stabilised Rocket 
14-19, November, 1959. 
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A Possible ‘‘Fully Developed’? Hydromagnetic 
Pipe Flow* 


A. Demetriades 
Research Fellow, Guggenheim Aeronautical Laboratory, 
California Institute of Technology, Pasadena, Calif 


December 29, 1959 


| | Agpueipid WORK on internal hydromagnetics has revived interest 
on the action of electromagnetic fields on conducting fluids 
moving in enclosed ducts. Particularly contributive to the under- 
standing of the interaction between the fluid viscosity and the 
fields is the study of the end state in the dynamic balance between 

* This work was performed in the course of the author’s consulting activi- 
ties at and with the support of the Plasmadyne Corporation, Santa Ana, 
Calif. 
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READERS’ 


the state which, in hydrodynamic language, is 
Thus, the fully developed 


these two agents 
called the ‘‘fully developed state.”’ 
flow of a conducting fluid in a channel with parallel, mutually im- 
mobile walls immersed in a uniform, essentially unidirectional 
magnetic field has been studied by Hartmann,' Shercliff,? and 
Chang and Lundgren.* The Poiseuille flow between two coaxial 
cylinders with a radial magnetic field has also been investigated 
by Globe.* 


arrived at during the study of the hydromagnetic analogue of the 


The present communication presents some results 


Hagen-Poiseuille flow in a circular pipe. 

The problem of the steady laminar, fully developed, electrically 
nondissipative flow of an incompressible, conducting fluid in a 
pipe of circular section presents the added difficulty that the mag- 
netic field has to be nonuniform and nonvanishing along at least 
two of the three cylindrical coordinates (the case of the field every- 
Thus, the 


simple assumptions that the electric field vanishes everywhere, 


where parallel to the pipe axis being inconsequential ). 


that the magnetic field is everywhere finite, and that the flow is 
axisymmetric leads to the following equations of momentum 


balance: 


Op/or = owB,B, (1) 
Op/dz = (n/r)(0/dr)[r(Ow/dr)] — owB,? (2) 
and the equations of Maxwell: 
(OB,/or) + (B,/r) + (0B,/dz) = 0 (3) 
(OB,/0z) — (OB,/dr) = powB, (4) 


where p is the pressure; o, 7, and yu, the (constant) conductivity, 
viscosity, and permeability of the fluid; B, and B, the radial and 
axial components of the magnetic induction, respectively; r and 
¢ the cylindrical coordinates illustrated in Fig. 1; and w the axial 


flow velocity, satisfying the equation of continuity: 

ow/ds = 0 (5) 
Note that in the above equations the electrical current density 
has been substituted for from the generalized Ohm’s law and that, 
for no ohmic dissipation, the only allowed currents flow in azi- 
Also note that the 


pressure in the fluid is now a priori undetermined, in contrast with 


muthal circles concentric with the pipe axis 


the channel-flow problem. ! 

Eqs. (1)-(5) are still as general as permitted by the three above 
mentioned assumptions. A detailed investigation of their mutual 
compatibility leads to the conclusion that they can be satisfied 
for two cases only. In the first, the magnetic fields and the axial 
pressure gradient will have to be functions of both r and 
therefore, all parameters of interest, except the velocity and the 
viscous shear, will vary not only radially but also along the 
In the second case, it is found that the equations are 
without solv- 


channel. 
compatible if O0p/0z and B, are functions of r only; 
ing the equations themselves, this ‘‘compatible’’ field can be found 
by inspection to be 

B, = 2Ar (6) 

B, = C — 4Az + B,,(r) (7) 
A and C are constants. This field has the general form 
The radial component has a form unaffected 


where 
shown in Fig. 1. 














Fic. 1. Problem geometry showing coordinate system 
(r, 2), flow velocity w, and configuration of magnetic field given 


by Eqs. (6) and (7). 
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Fic. 2. Axial velocity (solid lines) and axial pressure gra- 
dient (dashed lines) for pipe flow under the action of the magnetic 
field of Eqs. (6) and (7) for various Hartmann numbers. 


by the fluid motion, whereas the last term of B, is found to depend 
on the magnetic Reynolds number and, hence, represents the 
amount of ‘“‘bending”’ of the magnetic lines due to the motion. 
Laboratory reproduction of this unique field can be effected by 
proper choice of the constants A and C 

Two of the boundary conditions necessary for the solution are 
The third is that 


the electrical current vanishes on the pipe wall and the fourth that 


identical to those of the Hagen-Poiseuille case 


the axial pressure gradient has a known value on the wall. The 
solution becomes straightforward once Eqs. (6) and (7) are in 
serted into Eqs. (1)—(4) and once the following transformations 
are made: 

‘ (r/R)? 
U )(dw/dr) 


. (7 


where R is the pipe radius and U the velocity on the axis in the 
absence of the field. The velocity is thus obtained from the solu 
tion of 


(d*¢/dy?) —H*¢ 0 (8) 


where H is the Hartmann number H/ AR?WV o/n and is 


w/U 1 — y)/cosh H]| + (1/cosh H) X 


> (A™(1 — ¥"*)/(2» + 102” + 1 ly 


v=1 


The remainder of the pertinent parameters can be obtained easily 
from Eqs. (1)—(4); for example, the pressure gradient O0p/0z is 


Op/Os = (OpP/Oz),—R 


’ leosh Hy/cosh H| + (H*y/cosh H) X 


>> [H(1 — y"*)/(2e 4 
2. | 
0 


The velocity and pressure gradient are plotted in Fig. 2 for various 
values of the Hartman number 
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Dynamic Effects in Fatigue Testing 


Richard M. Rowland and James L. Cronin 

Strength Group Engineer, McDonnell Aircraft Corp., 
and Associate Professor, Institute of Technology, 

St. Louis, Mo., Respectively 

December 1, 1959 


_— emphasis on fatigue analysis and fatigue-life predic- 
tions requires close examination of the methods used for such 
testing and predictions. One such method is full-scale testing 
and fitting the results to existing S-N and modified Goodman 
diagrams. The validity of such data should be questioned in 
regard to the influence of the load-cycle time. It is frequently 
assumed that dynamic effects need not be considered when the 
input frequency does not approximate the structural natural 
frequency. Intuitively, this assumption does not appear com- 
pletely valid. Test techniques are improving to such an extent 
that within the foreseeable future it will be possible to approach 
the structural natural frequency with the input frequency. In 
general, the question arises as to whether the type of force input 
and the frequency and distribution of these inputs have har- 
monies that would couple with the structural resonances so as 
to affect adversely the life predictions. 

The periodic functions, I, II, and III (Fig. 1), are made up of 
linear elements combined in a manner which permits variation of 
the input distribution within the period. These functions are 
assumed to be the forcing functions impressed upon a damped 
single-degree-of-freedom system. The steady-state solution of 
the differential equation of motion of such a system defines the 
deformation of the structure as a function of time. For these 
forcing functions, the steady-state solutions are: 

y(t) = LH + PlkeH((1 — ki)/(1 — ke)] — 
> (2/n2\(W I/F) cos (6, — 02 + A(t/ts)]} 
n=1 

y(t) = (LH/2) + Pt [kikeH/(1 — ke)] — 

bs (2H/A?) VJ — 2A sin A + A2/F) cos [0; — 0,+ A(t/ti)]} 


x=1 


y(t) = L — P{(4/k,A2) D> (J/2F) cos [—0 + A(t/t)] | 


n=1 
where 
A = 2nnr/(1 + ki), J = 21 — cos A) 
B = (1 — D2n*?)/w{1+h)?, L = G1 + ke)/2k 
D = 2ncr/w(1 + kidce, P = G(1 — ke)/2k 
H = 2/(1+ ki), F = WB?+ D? 
2 sin A, 6 = ‘ 
i ar sin A — A cos A 
6. = tan ~(B/-—D), - l oe cos A — Asin A 
N = Q2r/h 6, = tan! (D/B) 
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Fic. 1. 


k = spring constant of the structure 
= undamped natural frequency 
= ratio of the structural damping to the critical damping 


c/c 


S 


S 

The initial term of each solution is the mean value of the input 
during the period divided by the spring constant of the structure 
Assuming that the stress ia the structure is linear with deforma 
tion, the initial term may be defined as a measure of the mean 
stress felt by the structure. 

The portion of the second term which precedes the brackets 
may be likewise defined as a measure of the alternating stress 
felt by the structure. 

For functions I and II, the portion of the second term just in- 
side the bracket is a function of the input distribution and of the 
lower input force limit. When combined with the term preceding 
the bracket, this term represents a modification to the mean 
stress, reducing it for function I and increasing it for function I] 
The series expression represents the response function applied to 
the alternating stress giving rise to the stress cycles and amplifi 
cation of this stress. This expression relates the input dis- 
tribution and loading time to the undamped natural frequency 
of the structure. 

The series for functions I and II converge rather slowly, with 
the higher harmonics strongly influencing the value of the sum- 
mation. Examination of six values of \/w, from 0.10 to 0.835 
with (1 + &,) = 1.5, 2.0, 2.5, and 3.0, exhibited the influence of 
the higher harmonics for all combinations. Four and five cycles 
of varying amplitude per input cyele resulted. The maximum 
half-amplitude for function I was 427 per cent and for function 
II was 327 per cent. 

The series for function III exhibited the same characteristics 
for some combinations of \/w and (1 + &,). However, when 
(1 + k,) = 2.0, the first harmonic predominated over the higher 
harmonics with a half-amplitude of 100 per cent for all values of 
\/w providing that 


(1 + ki)/(A/w) ¥n <5 


When this proviso was violated, the higher harmonics pre- 
dominated. When (1 + &,) # 2.0, one cycle per input cycle 
resulted, due to the predominance of the first harmonic, but the 
range was shifted downward—i.e., both the upper and lower 
limits were lower than would be predicted for the force limits, 
thus creating a modification to the mean stress term which is 
not apparent from the form of the solution. 

Thus, these forcing functions can yield results which have the 
following characteristics: 

(a) The ratio of the number of stress cycles to the number of 
input load cycles exceed unity due to the predominance of the 
higher harmonics. 

(b) Amplification of the alternating stress occurs in such a 
manner that the stress range, and, hence, the stress limits, are 
not those associated with the static application of the force 
limits. 

To assure compatibility of test data, the force input should be 
one which has one stress cycle per input cycle, a predictable 
mean stress and no amplification of the alternating stress. Nei- 
ther functions I nor II will yield these results. Function II] 
with the unloading rate controlled to equal the loading rate 
i.e.,(1 + k&,) = 2.0 will yield these results. 

Fatigue analysis and predictions based upon existing test data 
can be erroneous unless the type and distribution of the force 
inputs are compatible. Any testing without proper control can 
only lead to erroneous conclusions regarding the life of the 
structure. 

Some of the scatter associated with fatigue testing can be 
attributed to lack of control of the test inputs and also to vari- 
ations in the parameters, \/w and (1 + &,). The results of this 
investigation showed large differences in the stress range for 
slight variations in these two parameters. 

In conclusion, it would appear feasible to utilize functions I 
and II for spectrum testing if appropriate controls could be 
provided. This approach would necessitate the selection of 
appropriate force limits to maintain the desired stress limits. 
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Viscous and Leading-Edge Effects in 
Hypersonic Flow 


Robert J. Whalen 
Principal Scientist, Flight Sciences Laboratory, Inc., Buffalo, N.Y. 
December 11, 1959 


pee PURPOSE of this note is to call attention to correlations of 
existing experimental data on hypersonic viscous and inviscid 
leading-edge effects by means of parameters proposed by general 
similitude considerations. 

The pressure similitude, according to references 1 and 2, for the 
hypersonic flow about a two-dimensional* blunt leading-edge 
slender body may be written (for a perfect gas with constant 
specific heats): 

b/po = f[Mor, Mao*k(d/x), x, Hw/He, y, Pr) (1) 
= free-stream Mach number, 7 thickness ratio, k 
nose drag coefficient, x M w~*vV/c/vV/ Rex, Hu 
enthalpy, Ha = free-stream total enthalpy, 4 
ratio, and Pr = Prandtl number. 

Correlation of existing experimental*® and numerical’ results 


where 1/« 
= surface total 


specific-heat 


for the inviscid hypersonic flow about a blunt leading-edge body 
at angle of attack is presented in Fig. 1. The experimental and 
numerical results are in the 2° < Ja] < 20°, 6.86 < Me < 20 
0.4< |Mea| In this figure, the measured pressure 
is non-dimensionalized with respect to the 
Thus, in the one limit at large angle of attack, the 


< 7 range. 
“strong”’ tangent- 
wedge value. 
data approach the tangent-wedge value, while in the other limit 


Sa 
[Mx *k(d/x)|?/?/M a%a? > 1 


the data are observed to approach the ‘‘strong”’ blast-wave theory. 
The relative weak dependence (although this must be verified for 
smaller 1J.a@) on the parameter 1/~2a@ may be readily observed 
in Fig. 1. This is due largely to the method of presentation.f A 
plot of Ap/po vs. Maw *k (d/x) yields the dependence on the param- 
eter Maa (in the form of lines of constant Moa) as proposed 
by the general similitude.! 

The boundary-layer interaction problem at arbitrary angle of 
attack may be considered in a similar manner. Correlation of 
experimental results’ in the 11.5 < Mao < 19, 1(1/4)° < Jal 
< 11(1/4)°, 0.4 < |Moa| < 3.74, 0.1 < x < 14.5 range, for 
both air and helium, is presented in Fig. 2. The data are pre- 
sented for both the swept and unswept plates correlated on the 
interaction parameter, x, based on streamwise conditions—i.e., 
x Mw c/V/ Rex, x = distance from leading edge measured 
in streamwise direction, since the presence of a spanwise velocity 
has been shown® to have a small (<15 per cent) influence on 
strong boundary-layer interaction in the 0° < A < 60° range 
(A = sweep angle). As in the previous blunt-body problem, the 
experimental data are observed to approach the inviscid ‘‘strong”’ 
tangent-wedge value for large a and, in the other limit, the strong- 
interaction value for small a. The strong-interaction valve for 
air is taken as that for H,/H. & 0.5, the approximate equilibrium 
temperature associated with the Ohio State experiments 

The combined viscous and inviscid leading-edge effects are 
considered in Fig. 3. The experimental results for air*:® are in 
the 4.3 < Rea < 4,128, 5.8 < Ma > 11.5 range and for he- 
lium‘: 7:8 in the 132 < Reg < 19,500, 11.4 < Ma < 23 range, 
(Reg = Reynolds number based on leading-edge thickness). The 
correlation and approach of the data to both the ‘‘strong”’ blast- 
wave and “strong’’ boundary-layer interaction theories may be 
readily observed. 

* This restriction is required for the viscous problem in order to avoid 
specifiying the aspect ratio of the geometry under consideration. The pa- 
rameter for the inviscid hypersonic flow about an axisymmetric geometry is 
taken as M ,,2k'/*(d/x). 

+ This form of presentation is, therefore, useful for predicting local pres- 
sure distributions on blunt bodies in hypersonic flow 
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An Approximation to the Deflections and 
Strains in a Uniformly Loaded, Clamped, 
Rectangular Panel Subjected to Very Large 
Plastic Deformations* 


Joshua E. Greenspon 
J G Engineering Research Associates, Baltimore, Md 


December 1, 1959 


_. ONLY stresses that are of importance in the elastic small- 
deflection region of plates are those corresponding to bend- 
ing of the panel. As the load is increased and the plate enters 
the large-deflection region, the load is resisted by both bending 
and tension in the middle plane of the panel. As the load is 
further increased, the become 
Finally, when very large deformations occur which are many 
times the thickness of the panel, the panel may be considered to 
In deriving the formulas given 


tensile stresses predominant. 


act as a stretched membrane. 
here, the following assumptions have been made: 


* This work was partially completed when the author was employed at 


the David Taylor Model Basin in 1956 


SPACE 


SCIENCES 1960 


MAY, 


(a) The tension in the panel is constant. 
(b) All bending stresses in the panel may be neglected. 
(c) Elastic deflections of the panel may be neglected 





i.e., 


no elastic recovery of the deflection or strain takes place after 


loading. 


(d) The strain in the panel is large compared with the strain 


at the yield point. 


The equation of equilibrium of a stretched membrane under 


uniform static loading is as follows: 


The plate is therefore assumed to act as a stretched membrane | 
} 

j 

' 


(0?w/Ox?) + (0?w/dy?) = —(Po/T) (1) 


where w is the lateral deflection, Py is the external lateral pressure 
(load per unit area), and 7 is the tension per unit length. 


Assuming that the boundaries of the membrane remain sta 


tionary, the boundary conditions may be written as follows: 


deflection, we obtain 


lateral deflection, the expressions for the strains in the x and y 


directions are as follows:! 


w= Oatx = 0, y=0, y=b (2) 


Considering only the first term in the series representing the 


w(x, v) = [16Pob?/T34(b?/a? + 1)] sin (wx/a) sin (ry/b) (3) 


Now, if it is assumed that the strain is due totally to the 


Sieteeeccianeeaineatcad eee 


= (1/2)(Ow/dx)*, €, = (1/2)(Ow/dy)? (4) 


€r 


The maximum deflection occurs at the center of the panel— 


i.€ 


and is as follows: 


The maximum strain occurs at the middle of the long side, 


is in the direction of the short side, and is (for b/a > 1) 


D5 at 


Wmaz = 0.164Pya?/T{1 + [1/(b2/a?)] | (5 


19 





Emar = 0.132b?[Po(b/a)/T(b2/a2 + 1)]? (6) 
The assumption that the tension is constant gives 
T = 0,h (7) 


where h is the thickness of the panel and oa, is the ultimate stress 


loads, strains, and deflections in rectangular panels 


and strains when the panel has reached its ultimate load or 
failure load; the strain and deflection is calculated by Eqs. (5 
and (6) corresponding to this value of the load. 
when a crack appeared at the middle of the long side of the 


panel. 


TABLE | 
Comparison of Ultimate Defiections and Strains 


Tests have been conducted by Day,?: * who obtained ultimate 


Table 1 gives comparisons between experimental deflections 


Failure occurred 


An earlier paper‘ contains more extensive comparisons : 





The ultimate or failure pressure was reached when a crack appeared in the panel. 
at the middle of the long side of the panel. This is also the location of the theoretical maximum strain 




















Po 


Ou h b/a a 

61,000 0.113 1 13.5 
70, 706 0.119 l 13.5 
41,800 0.134 1 13.5 
46, 100 0.104 1 13.5 
41,800 0.068 l 13.5 
72,300 0.125 1 54 
65,000 0.182 1 54 

ou = ultimate stress obtained from coupon test (in psi) 

h = thickness of panel (in inches) 

b/a = length/width 

Po = pressure at failure (in psi) 

We = experimental center deflation at failure (in inches) 

wt = theoretical center deflection for the given failure pressure (in inches) 

€e = experimental edge strain at failure (inches/inch) 


€t = theoretical edge strain for the given failure pressure (inches/inch) 





In the cases considered here, the crack always appeared 





U's Wt €- €; 
ae 2.82 
2.54 2.38 0.47 0.15 
2.44 2.64 0.18 0.19 
2.76 2.64 
3.32 3.23 
9.47 8.44 0.10 0.12 
7.06 6 0.07 0.08 
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and methods for estimation of ultimate loads using the assump- 


tions given in this note 
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Thermal Stresses in a Long Circular Shell 
With Axial Temperature Variation 


D. J. Johns 
Lecturer, The College of Aeronautics, Cranfield, England 


December 1, 1959 


SYMBOLS 


B = Dp(l + vp) 
( = BRD.- 
d = bulkhead thickness 
D = flexural rigidity = E,t?/12(1 — »,*) for shell 
I = Young’s modulus 
F; = temperature function in shell 
W,, Me = bending moments per unit length about ¢, x axes, respectively 
Vx, Vg = stress resultants in x and ¢ directions, respectively 
Q = transverse shear per unit Jength 
7 = radial coordinate in bulkhead 
R = radius of shell and bulkhead 
= thickness of shell 
7 = temperature rise above strainless state 
iW = radial displacement of shell 
= longitudinal shell coordinate (For convention, see Fig. 1) 
a = coefficient of expansion 
8 = [3(1 — »v-?) k42)1/4 
6 = rotation 
a = stress 
P = Poisson's ratio 
= angle denoting positions on shell periphery 
Subscripts 
B = bulkhead 
( = cylindrical Shell 
0 = at edge of long shell-—i.e., x = 0 


, 


Differentiation with respect to coordinate x denoted by prime-——e.g., T; . 


des sTtupY of thermal stresses in thin, circular, cylindrical 
shells stiffened by various types of frame or bulkhead, etc., 
In the unstiffened shells, 


is of considerable current interest 


thermal stresses can arise from radial,» ? circumferential,» ? or 
axial*®» * temperature gradients, and discontinuity stresses can 
also occur at the junction of the shell with any other member hav- 
ing different thermal-expansion properties and/or temperature 
distributions,*~* This latter problem is investigated here, for a 


(2an/R) Tprdr + [acR/4(B + C)][(Teo’”” 


QO =- 
{ad _— ve)R ‘Epd| + (1 


where 

B = Dzx(1 + ve), C = BRD, 
From Eqs. (5) and (6), the corresponding stress distributions in 
both shell and bulkhead may be found. 


SIMPLY SUPPORTED EDGE CONDITIONS 
In the foregoing analysis, if Mj) = 0 and compatibility of rota- 
tions is ignored, Eqs. (1) and (3) yield the result for compatibility 


of deflections—i.e. 
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long circular shell, edge-supported on a plane, constant-thickness 
bulkhead. The axial temperature distribution in the shell is of 
the form 


To= >) Fax” 
m=0 
and, in the bulkhead, any general radial temperature distribution 
is assumed. 

The fact that the shell and bulkhead are attached at x 
induce a system of self-equilibrating forces and moments on both 
components making the resultant deformations compatible. The 
extent of this compatibility will depend upon whether the shell is 
simply supported or clamped at its joint with the bulkhead 

If these self-equilibrating force systems are a transverse shear, 
1) acting at x 


0 will 


Qo, and a bending moment, Mp), (see Fig 0 on 
the shell, the corresponding system acting on the bulkhead must 
be —Q. and — My. The values of shell and bulkhead deflection 


and rotation which result can be deduced from references 7 or 9 


CLAMPED EDGE CONDITIONS 


The total resultant deflections and rotations at x 0 in the 
shell and r = R in the bulkhead are 
Wo = —(1/28°D.)(BMo + Qo) 4 
(aR Oita. 8°) + (T.''/B?) - 2T 0} (1) 


% = (1/282D.)(28My + Qo) 
(Ba-R 2)}( ad B*) + (27 ~’ 


We = [Qo(1 - ve)R Epd me (2agz R) | Tp-r-d (3) 


0 
OB —M)R/D#(1 + vp) (4) 
For compatibility of rotations, the result obtained from Eqs 
(2) and (4) is 
M) = 
(Ba-R/2)}(T''’/B?) 4+ 
(1/8D-.) + 


(2T 0/82) + (2Ta'/B)} — (Qo/282D-) 


[R/Da(1 + vp)] 
(5) 
By equating Eqs. (1) and (3), compatibility of deflections is ob- 


tained and, together with Eq. (5), yields finally 





B*)(B + 2C) + (2T’'/B2)C — (2T«’/B)-B — 4Ta(B + C)] 
(6) 
18°D.)[(B + 2C)/(B + C)]}} 
Q = 
R 
(2ag R) Tp rdr + (a-R 2)} ( T .0''' /B*) + (T''/B?) — 2T 20} 


0 
— vp)R/Exgd) + (1/28°D.)} 


(7) 


THERMAL STRESSES IN BULKHEAD 
The stress distribution in a plane circular bulkhead subjected 
to an arbitrary axisymmetric temperature distribution is given 
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by reference 1 and also presented in reference 7. In addition to 


these stresses, there is a uniform stress field caused by the trans- 
verse shear Qy) and a bending stress distribution due to Mp. 


THERMAL STRESSES IN CYLINDRICAL SHELL 
The expression for the resultant shell deflection mode is 
W = (aR 2)(e— 84 [(T0’’’/B3) + (T’’/B?)] cos Bx — 
(Teo’’/B?) sin Bx} — 27.) + 
(e— 9*/283D..)[8BMo(sin Bx — cos Bx) — Qo cos Bx] (8) 
The various functions of x in Eq. (8) are tabulated in reference 9, 
p. 394. 
From Eq. (8), the expressions for the various stress couples 
and stress resultants in the shell may be obtained. 
N. = 0 (9) 
Ny = (Ectace~8*/2) { [(Teo’’’/B*) + (Teo''/B?)] cos Bx — 
(To''/B?) sin Bx} — 2BRe~®* x 
[8M,(sin Bx — cos Bx) — Qy cos Bx] (10) 
Q. = —e—8*(98 My sin Bx — Qo(cos Bx — sin Bx)] — 
(Ecact; 4BR)(e—8*} cos Bx(T2'''/B?) — 
sin Bx [(Teo’’’/B) + 2(To’’/B?)]} — (T.’"/B3)) (11) 
M, = (e~8*/B)[8Mo(cos Bx + sin Bx) + Qo sin Bx] — 
(E-act /4B2R)(e~ 8*{ cos Bx( To!/B?) + 
sin Bx [(T20’’'/B3) + (T!", B?))} — (T."/ B?)) (12) 
Ms = v-M;z (13) 
These results will now be applied to a simple example. 
Consider the case of a constant axial temperature distribution 
in the shell and zero temperature rise in the bulkhead—1.e., 


T- = const. 


Clamped Edge Conditions 
Using Eq. (6), 
Qo = —a-RT.} [R(1 — vp)/Esd] + 
(1/46°D.)[(B + 2C)/(B + C)]}-! (14) 


and from Eq. (5), 


M, = (—Qo/28)[B/(B + C)] (15) 
Therefore, the maximum (tensile) stress ia the bulkhead is given 
by 
op = — (Qo/d) + (6My/d?) = (—Qo/d){1 + (3/Bd)[B/(B + C)]} 
(16) 
and in the shell the maximum bending stress at the joint is 
oo = |6M,/t?| = (3Q)/Bt?)[B/(B + C)] (17) 
Simply Supported Edge Conditions 
Using Eq. (7), 
Qy) = —aeRT.| [R(1 — ve)/Epnd|] + (1/26°D.)|]}-! (18) 


and the maximum (uniform, tensile) stress in the bulkhead is 
on = —Q)/d (19) 
Similarly, the maximum bending stress in the shell occurs at a 
distance Bx = 7/4 (reference 9, p. 394) when 
M, = +0.323(Qo/8) 
and the maximum stress is 
a = |1.9880Q0/Bt? 20) 
Comparing the pairs of Eqs. (14) and (18), (16) and (19), 


(17) and (20), it is seen that much smaller stresses result from 


simply supported edge conditions. A similar conclusion should 


result from any more general analysis. 
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The Approximate Solution of the Equations 
of Motion of an Airplane Moving 
in a Vertical Plane* 


E. F. Trombley 
Applied Mathematics Engineer, General Engineering Laboratory, 
General Electric Co., Schenectady, N.Y. 


September 21, 1959 


SUMMARY 


A” APPROXIMATE SOLUTION for equations of motion of an 
airplane moving in a given vertical plane is found for 
climb at constant Mach Number and acceleration at altitude. 
The designer should find that these approximations conform to 
the requirements of a quick and accurate design technique. 


(1) INTRODUCTION 


Once the equations of motion are stated, the main problem is 
to find (7) the approximate solution of these equations for a con- 
stant Mach Number climb in the variable-temperature region, 
An immediate consequence of the approximate solution of (7) 
is an approximate solution of (77), a constant Mach number 
climb in the constant-temperature region, and (777), acceleration 
in a straight line at constant altitude. 

The weight of W of the airplane is considered as a point mass 
concentrated at the c.g., which moves along a path T in a given 
vertical plane x, h, where x is distance and h is altitude. The 
external forces are thrust 7, lift L, and drag D. The lift is al- 
ways normal to the path, and the thrust and drag are always 
tangent to the path. The forces L, 7, and D, as well as the 
specific fuel consumption S, are assumed to be given (in tabular 
form) as functions of Mach Number and altitude. The use of 
equilibrium conditions gives the tangential acceleration as 


dV/dt = g\((T — D)/W] — sin @} (1) 
and the normal acceleration as 
V(do/dt) = g\(L/W) — cos 6] (2) 


where @ is the angle that the tangent to ! makes with the positive 
x-axis. 
The equation for the change of weight due to fuel consumption 
is 
dW/dt = —TS (3) 
The approximate method given here is adequate for the re- 
quirements of the designer. An exact solution is not to be ex- 
pected, since 7, L, and D are assumed to be given as experi- 


mental data and not in anaiytical form 


* The preparation of this note was aided by the friendly interest and 


criticism of Professor M. M. Stanisié. 
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(2) SOLUTION OF PROBLEM (7) 


From V = Ma (M is Mach number, and a is velocity of 
sound ), it follows that 


dV/dt = Maa’ sin 0(a’ = (da/dh) # 0) (4) 
The application of Eq. (4) to Eq. (1) gives 
sin @ = {1/(1 + K)][(T — D)/W] (5) 
where 
K = M’aa’/g 
From 
dh/dt Ma sin 0 
it follows that Eq. (5) is the same as 
dh/dt = |Ma/(1 + K)]{(T — D)/W) (6) 
In the constant-temperature region, a’ = O, so the solution of 


(i1) can be obtained from (7) by replacing K by 0 in (2). 
The boundary conditions are 
h = h; >t >= =0 
h = heh, > h,) (end of climb) (7) 
M = const. 


Eq. (6) is approximated by 


dh dt = (1 2)} [Ma (1 = K,)| ((11 we D,) W] + 
[Maz/(1 + K2)][(T2 — D2)/W2]} (8) 


where the right-hand side of Eq. (8) is the average of the right- 
hand side of Eq. (6) at hj and hy. Here, 1 and 2 refer to condit- 
ions at 4; and fy, respectively. Given At to — t; and W2, 
the solution of Eq. (8) is 
Ah = (1/2)} [Mai/(1 + K,)] (71 — Di)/Wi) + 

[Maz/(1 + Ke)] [(T2 — Dz)/We]}{ At (9) 


where Ah = ho — hy. 
3y setting 


A = (1/2)((M™S; + T2S2) (10) 


Eq. (3) becomes 


dW/dt = —A 


W. — W, = —AAt (11) 
if the approximating technique used on Eq. (1) is also used on 
Eq. (3 The use of Eq. (11) in Eq. (9), along with some alge- 
braic reductions, results in 

(W2/Wi)? — 


$((C, — Ah)/Ci] — (C2/Ci)}(We/Wi) — (C2/Ci) = O (12) 


where 


C; = (1/2A)[(Mai/(1 + Ki) (1%: — Die 


and 
K; M?a;'ai/g 
The solution of Eq. (12) for W2 is 
W. = (W,/2)(((C, — A4)/G] — 
(C2/Ci) + WICr — Ab)/Gi] — (Cx/C)}2 + 4(G2/C)) (13) 


For Ah, small in comparison with C,, Eq. (13) reduces to W; ~ 
W, 
The horizontal distance traveled while climbing from h, to h- 


is obtained by approximating 


du/dt = g} ((T — D)/W] cos @ — (L/W) sin 6} (14) 
where u = V cos @, by 
du/dt = (g/2)} ((T1 — D1)/Wi] cos & — (Li/Wi) X 

sin 0, + [(T2 — Ds)/W2] cos @ — (L2/We) sin 6} (15) 


Let Z equal the right-hand side of Eq. (15). The result of 


integrating Eq. (17) is 
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Uz = ZAt+ uy 


or 
Au = te — ZAt (16) 
Since u = dx/di, the integration of Eq. (16) gives 
Xe (1/2)Z( At)? + x, 
or 
Ay = ye — vi = (1/2)Z( At)? (17 


where Ay is the distance traveled during the time increment 


extending for ¢; to tz. In the above x, u; and xe, ue are the total 


distance traveled and the horizontal velocity at times f; and 


te, respectively 


(3) THE SOLUTION OF PROBLEM (i7) AND PROBLEM (/i/) 


It has been mentioned that, if K, = K;, O and az 
in problem (7), the solution of problem (77) is obtained 
The same techniques applied to problem (iii) lead to the 


equation 


(W2/W;)? — 
$1(C, — AM)/CGi] — (Co/Ci1)} (We/Wi) — (C2/C. 0 (18) 
where 
C; = (1/2aA )(T; — Di)(1 1, 2) (19) 
and 
AM M, — M, (20 
The boundary conditions are 
t=h O— M VW 
M = Mz (end of acceleration ) (21) 


(4) THe ROLE oF Eg. (2) 


In problem (777), Eq. (2) reduces to L W. In problems (7) 
and (77), Eq. (3) can be written as 


d6/dt (g U\L aW) }(cos @)/aj; (22) 


or, by the approximating equation 


(do/dt) — (¢/M)(L/aW) 


=e 2M)}(cos 6,)/ad, + (COS 02)/de;4 (23) 


The integration of Eq. (23) yields 


At 
M) f (L/aW )dr — 
0 


A@ (g 
(g 2M)}(cos 6,)/a, + (cos 02) ao; At + const (24) 
where 
A@ Oe — O 
Clearly, 
At 
Ad = (g/M) [ (L/aW)ds — 
J 0 
(g 2M)}(cos 6,)/a, + (cos A ao; (25) 


since At = 0 in Eq. (24) yields 


0 constant (26) 


Thus, in problems (7) and (77), Eq. (2) requires that L/aW be a 
function of ¢, say f(t), such that Eq. (25) is satisfied, and 


f(0) = Li/a,Wi, f( At) L2/a2W:2 (27) 


If f(t) exists, it merely makes the approximating equations com- 
patible; it does not give any additional information because the 
solution for ¢ = 0 and ¢ At is required and not the solution for 


0O<t< Al. 


(5) APPLICATION 
For a constant Mach Number climb from an altitude H; to 
an altitude Hs, where H,; — Hz is large, Ahk is chosen such that 
H. = H, + nAh (n integer) and such that the above approxi- 
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mations apply to 


h, = H, + mAh 
ho = Hi + (m+ 1)Ah(m = 0,1,...,2 — 1) 


The result of proceeding from H, to H2 in steps of Ah gives the 
required approximate solution for the altitudes H,; and Hb. 
The same device is used in problem (777). 


A Further Extension of the Routh-Hurwitz 
Stability Criteria for Quintic and Sextic 
Equations 


Herbert Saunders 

Engineer,, Missile and Space Vehicle Department, General 
Electric Company, Philadelphia, Pa. 

February 5, 1960 


HIS NOTE is concerned mainly with the necessary and sufficient 

conditions for stability of linear quintic and sextic equations 
Routh! presented the first stability criteria in a form requiring 
a specialized tabulation procedure. Hurwitz? simplified Routh’s 
method by employing test determinants. The characteristic 
equation of the linear system may be represented as 


f(x) = GnX" + Gyuix"™ | +... fax +a = 0 (1) 


where do, @; . . . d@, are known real constants and a, is positive 


Then the Hurwitz test functions may be expressed in the form 


QAn-1 aAn-3 QAn-5 
a fos Base 
T. = 0 Qn-1 ay, (2) 
0 An An-2 
O 0 Gn-1 
0 0 an 


Recently, Duncan*® ‘ applied these test functions to the sextic 
and octic equations in determining their stability. 

It is immediately apparent that after reducing the complexity 
of the stability problem, there still remains a tedious amount of 
In a further 
effort at simplification, Higgins and Hogan® employ the Hurwitz 
determinants in conjunction with algebraic manipulation to re- 
duce the necessary number of parameters for a quintic equation 


necessary work in solving higher order equations. 


to four. Even then, an innumerable number of graphs must be 
plotted in order to determine the stability of the quintic equa- 
tions. Duncan® derived simple relations between certain ex- 
pressed polynomials and determinantal forms and tended to 
further minimize the number of effective parameters. 

Since there are no general parameters which hold for all degrees 
of polynomials, the stability determination becomes more diffi- 


cult as the power of the polynomial increases. In Eq. (1), let 


ry, 
% = (ao/Ga-1)/*"' 
divide by ap, and then simplify 


f(s) = (an/ao)(ao/an_1)"/"-15" + sh) + 
-. + (a:1/ag)(ao/dn1)s +1=0 (3) 


= A,s* + Agis*"! +... + Ais + Ay = 0 (4) 
For the quintic equation, we establish from Eqs. (3) and (4) the 
following relations for A;... Ao 
As = (a;/a9(ao/ay)?/4* As = (2/a9)(ao/a4)! *) 
A; = (a3/do)(ao/as)?/4* Ay = (a;/ao)(ao/a4)'/4} (5) 
A,=A,=1 \ 


Following a similar procedure as outlined by Duncan,® a poly- 


nomial F(s) is derived from f(s) and an additional polynomial 
g(s); ie., F(s) = f(s) + g(s). 


The related polymonial is 


g(s) = (Ags* + Ags? + Ag)(ds) (6 
Combining Eq. (4) for the quintic and Eq. (5), 
F(s) = Pss5 + Past + P3s* + Pos? + Pis + Po (7 
where 


Pp =A, +Ab, Py = Po = 1, 


P; = A; + A>zb, 
Selecting 6 arbitrarily—i.e., P; = 0—then 


P;=0, Ps = Po = Ay = Ay = 1, 


P, = A; — AsAs, P2 = Ax, Pi = A, — A, 


The effective test function of F(s) is 


P, P» P, O 

ae) 2 

dines O PP, Pe Po i = 
0 Ps Fs. PB; 


Substituting the equivalence for P; . P; and simplifying, it 


can be shown that 7; = 7,’. 


Ti’ = PiP;(P2 — 2) — (P3 — Pi)? > 0 (Sb 


Expanding Eq. (8a) for stability 


A necessary condition of stability follows from Eq. (8b)—i.e., 
P. >? 


a2 > 2/(aga,y)!/? (Sc 
Eq. (8b) can be simplified to 
P2 — (P1/P3) — (P3/P:) > 0 (Sd 


Substituting / = P;/P; and m = P», Eq. (8d) simplifies for sta- 
bility to 


m>I1-+ (1/1) 
where 
l=[ a1 — (asao/as)]/(ao/as)"/?[a3 — (a2as/as) ]I 


m = A2/(aod4)'/? { 


The necessary and sufficient conditions for the quintic char- 
acteristic equation to be stable are that 7.’ > 0, as > 0, a, > 0, 
az > 0, ag > O plus as and a, be ot the same sign.’ 

As discussed by Higgins and Hogan,* their procedure necessi- 
tates interpolations between the various plots. The H-H 
method is both time consuming and not as accurate as this note’s 
procedure. This is exemplified by their problem number 3 for the 
neutral stability. 

In a similar fashion, the stability of the sextic equation may 
be obtained from Eqs. (3) and (4) with the following relations for 
Ags eee Ag: 


Ag = (a¢/ao)(ao/as)*"*, As = (d2/ag)(ao/as)? | 
Ag = (@4/d0)(ao/a;)*, Ay = (a;/ao)(ao/a;)' > (9) 
A3 = (a3/ao)(ao/as)**, A; = Ao = 1 


The related polynomial for the sextic 
g(s) = (Ass* + Azs? + A;)(bs? + c) (10) 
Combining Eq. (4) for x = 6 and Eq. (10), 
F(s) = Pes® + Pss® + Past + Pss* + Pos? + Pis + Po (11) 
where 
Po= A+ Ab, Pp=A5=Pi= Ai = 1, 


Py = Ag+ A3b + Acc 
P; = A3, P2 = Ax + Aib + Asc, Py = Ay + Are 


Since } and c are chosen arbitrarily, assume Ps = Py) = 0. Sub- 
stituting into the effective test function, 


mi he & 2 ® 
P; Ps Ps Pe O 

Ts!’ =|P, P2 Ps Pe Ps|>0 (12) 
[0 Po Pi Pz Ps 


10 0 0 P P 


After simplification, this reduces to 


P. = Ao, P, = A; + Aob 
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(6) P;P;(PP2P3 — PiPs) — P2?) 360 H 
P;P;[P( PP, — P2) — PiP@]>0 (18) | | ———NUMERICAL INTEGRATION FOR | 
, ; ARDC ATMOSPHERE - 
(7 From Eq. (13), a necessary condition for stability is \ (Rubesin-Goodwin) 
PsP, > Pr (14a) 6 320 \ — PRESENT ANALYSIS 
. . . e . . . ‘ = 4 @e ¥ 
Substituting the equivalence for P2, P;, and P, and simplifying, — iT CHAPMAN'S ANALYSIS __ A "| 
fi 
Ab “. 1 + (ao/a4)(ai/a3) > (a¢6/as)(a3/as) + (d2/as)(as/a3) (14b) 14 280 it f 2 4 
. ~ , . . . . . ‘ é 
Rearranging Eq. (13) and dividing by P,P,? and simplifying, Sl 
(P2/Ps\(P3/P1) — (P2/Ps)?(1/P1) > 1 (15a) ; Yy 
‘ . | 40 + ~Ay}— 
—A or g-pq>1 (15b) oO “ _ 
ws \ Z 
where , i | Ze 
a P. P P P -_ P P. P. 15 . Hy ° by 
Q= Pobs/fils p= P2/ Paks (15¢) -10 © 200 VA 
(Sa Substituting equivalent values for P;, P2, P3, Ps and simplifying, z x 4 
Ss h me 
(@2d5 — @)A6) — (a9a305/a,) 15d ” - \ \ —=0.! 
q= : (15d) od aa \ | , } io ’ , 4 
» (Q4Q5 — G306)(a;/ad3) — (aoa 2/a3) a 8 a '60 \ 
1g, it a. > fj A 
ro) = \ 
ty (dea a;a¢) ( dpQ305/a,) e / im | T T 7 
2as5— 146 => 043 1) a ae 2 
p= : (15e) ul 2 \ W -3.2 Ib. ft” 
(8b (asa5 — a30¢) — (aoa3a;/a)) ro) / \ C ; 
was z 6 120 }4#—_+—*h ” +—4 
> _— ~ . . . . < 
- The necessary and sufficient conditions for the sextic character- N 
istic equation to be stable are 7;’, 73’, a5, a3, a), and ad» must all be 4% 
(8c) positive where a¢ is considered positive.’ 4 80 | i AN | 
It is apparent that an additional necessary condition for sta- ‘hi 
bility is that both numerator and denominator of Eqs. (15d) t >< ee 
(8d and (15c) be positive. This method may be applied to equa- N=) 
; ee earls ' is ; med 2 40 | | | | | nN 
sta tions of higher order than the sextic, but it becomes unwieldy — 
and tedious. This has been similarly noticed by Fuller.’ — 
SS 
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; 1 j(1+ E)(C? +3?) —6El 
\ = oF = const. = ; . 7 2% r= 
- W. H. T. Loh 2 8 (ct + Gre 5 
Senior Post Doctoral Fellow, National Science Foundation, 
Mathematics Department, Manchester University, l 3 : 1 
Manchester, England C2 +1 C829” ores 
11) September 3, 1959 . 
E = const. = (8/C; sin? A»)? = 1 
SYMBOLS = * om. = 
2 . (1/2)V E | 1? + 2?)] = (1/2)| 1? + 2?)] 
a = const. = (L/D)(1/2)(CpA/m)(sin 0/8) i/2yv 2 u pot ee pap ul il ‘ . 
ho ‘ C11 = const. = (1/2)E[1/(C,? + 32)] = (1/2)[1/(C,? + 3?)] 
b = const. — . F\(0) & (B/C; sin? do){ Cis[C, sin @ — cos 6] + Ciel(Ci/2) > 
(L/D)(1/2)(CpA/m)Ro sin? Xo sin 26 — cos 26] — Cy sin? 6(C, sin 9 — 3 cos 6)}, 
ub- n = const. = sin? A preferable to use when @ is large 
n’ = const. = 1/(1 — b), for Ao close to x/2, n’ = 1 F,\(@) = [In (0/2) + (Cio) + (1/4)(Ci0)? + (1/18)( C18) Je Ym 
C «= const. = { 1(C,0)?/720C,4] — [(C,0)2/240C,4] + [(1/120C,4) + 
/ _ ~ ‘ . 97 2\) 
cos 0; — a}b tan-! [~W/(p,/b)? — 1] — Vor? — b?} (1/12C,2)](C,0) — [(1/120C,4) + (1/12C,2)}}, 
12) | C= const. = cos 6; + a(1 — b)py preferable to use when @ is small 
—_ ~ = 9» , 
G1 = const. = 2(D/L)n = Subscript 
C; = const. = (B/sin? \o)[cos 0; + (a/n’)ps] = B/sin? dr : ~ 
f = condition at end of power boost or condition at the be- 
* On one year’s leave of absence from Chance Vought Aircraft, Dallas, Tex. ginning of unpowered glide 
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YPERSONIC gliders may take off either from earth by rocket tion were recently obtained," * 5 as were solutions for minor circle 

boost or from satellite orbits by rocket control. These path at small angles of inclination.?;* At large angles of inclina- 
gliders may fly along a great circle path or along a minor circle tion, no analytical approximate solutions have been given yet. 
path. Solutions for great circle path at all angles of inclina- Using symbols and assumptions of references 1-5, one obtains 


the approximate differential equation for minor circle fight at 
ee = large angles of inclination as: 





(dV2/ds) + [2¢/(L/D)| V cos? Ac + {sin Ao cos O[1 — (V2 /gRy sin? Xo)] + (V?/g)(d0/ds)}{? — 2g sin A» sin 6 = O 
sin Ay cos O[1 — ( V?/gRo sin* Ay) + (V2/g)(1/sin A» cos 6)(d6/ds)] 


sina => 


V/ cos? Xo + sin? Ao cos? O[1 — (V?/gRo sin? Ay) + ( V2/g)(1/sin Ao cos 6)(dO/ds)]? 


For high-speed re-entry, use may be made of an assumption that, 
at large angles of inclination, the term 
Be : (d) Flight range: 
cos 6{1 — (V2/gRp sin? do)] . ° 
: . a R = (C; sin? \»/B)s — [(1 — 5) sin Ao/B] (6 — 6; 
is relatively small and, consequently, may be neglected. The : 6 | oe 
justification of this assumption is based on the following: (e) Flight deceleration and maximum deceleration: 
1) At initial phase of re-entry, the velocity V is close t = ie . eee 

Via ee ; aii sci i dV/dt = —(V;*/2)(Cx(ps/p0) + (BC,/sin X)(cos 0; — cos 8)] 
circular orbital velocity, so that : : 
. CisFi(0) + Cye®94—-®] + g sin do si 

[1 — (V?/gRo sin? r»)] = O [CisFi 14¢ ] gs sin 6 

* 

(provided Xo is close to 7/2, which is the case of our major (dV /dt) maz = —(Vs?/2)[Co( ps/po) + 
interest ). P , 
, er . (BCi/sin Xo)(cos 0, — cos 0,)Je1s —%) 
(2) At terminal phase of re-entry, the angle of inclination 6 pie : plies 





is close to 7/2, so that * (CeC,’ — VC(82 — GC,’ 2) + Bh 
4, = O(dV /dt)mar = COS”! < : ; 

cos 6 = cos (7/2) = 0 . B(C,2 + 1) ( 
(3) During the middle portion of re-entry, (f) Time rate and maximum time rate of average heat input 


cos #[1 — (V2/gRp sin? de)] een arene 


F p dH,,/dt = (Cs — Co cos 0)[CisFi(0) + Cyye1094 — 8/2 
remains small because of the offsetting effects of cos @ and s OCF - 


. ane 
[1 — (V2/gRpo sin? ro)] (dH,,,/dt)maz 22 (Ca — Cy cos 6)e(3/2) COs — 62) 


* 
ja 4 


Based on this assumption, the following solutions may be Be = Od Hes/dt\uce 


obtained approximately for minor circle flight at large angles y, 

of inclination, in a similar manner as those presented in reference 1 ICRC’ — (2/3)V CX 8? — Cs’ 2) + [(2/3 ya]? 
1 and 4 for great circle flight at small and large angles of inclina- B[C,2 + (2/3)?] f 
tion: 


(a) Flight velocity: 
V2 = Vy?[CisFi(0) + Cue —®] 


(g) Time rate and maximum time rate of local stagnation region 
heat input per unit area: 


” ; ; s/dt = Cix(Cw — Cu cos 6)'/? [CisFi(8) ee 10/ —0)) 3/2 
(b) Flight altitude and altitude density: dH, /dt Cit C1 ane o) [CisFi(9) + Cis 


» iy f _- 
y= —(1/8) In le By + C;(cos 6; — cos 0)| (dH, on = Cio Cio — Cu cos 6;)! 2,(3 2)Ci(8 93) 
a = * 
p=(C cos @)/{a(1 b)] & © Asean, OF 
F : = 
V (p/b)? — 1 — tan-? VW(p/b)? — 1 = (C — cos 6)/ab ,IC2Cs’ — (1/3) C,(8? — Cs’ 2) + [(1/3),]*t 
. . ° cos 5 - a 
(c) Flight distance along flight path: B[C,2 + (1/3)?] { 
whes (h) Total aerodynamic heat input to the vehicle from the be- 
C3? > (B/sin? do)? ginning to the point concerned: 
2(1 — b) us 0 ee 
aan ( b - o4(2 b Cs Cs cos 6 e— C199) da 
sin Ao V C3? — (B/sin 2X0)? “ \sin Ao 9, Cs — (B/sin? Xo) cos 6 
3 3/sin® Xo 0 * C(1 — db) sin Xo 
tan™! [Gs + (B/sin tan (4) _ O= ( - : ager) ford; = 0, oy =O 
y Cz; — (B/sin? Ao) <, BC, 
tan- ¢| C+ (8/sin? %») | (“) (i) Flight time: 
a a ; 
\ C3 = (B sin? do) 2 ; ati) . 
é =f (ds/I pm | [CisFi(0) + Cue 0-89 ]- G72) x 
when Ja: 
C3? < (B/sin? Xo)? de * 0 (Ci/2)(@—6s) de 
=G : 
(1 b C3; — (8/sin? do) cos 6 p, C3 — (B/sin? Ao) cos 6 
—_ )) x 
== x eee ' - 
sin Ao / (B/sin? tee = The last expression can easily be integrated by graphica 
. means. When Ap = 7/2, the minor circle becomes a great circle; 
In J C3 cos 8 + V (8/sin? Ao)? — C;? sin 8 — (B/sin? do) x and all the results reduce respectively to the corresponding re- 
\ C3 cos 6, + V(B sin? Xo)? — C;? sin 6, — (B/sin? do) sults valid for great circle paths at large angles of inclination.‘ 


If the gravity term is neglected, Cj; and C,\; become 0 and 1, 


C3 = (8 /sin? Xo) cos Oy \ 
C; — (B/sin? \») cosa If 


* Minor terms being neglected in the derivation. 
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r circle respectively; the above solutions are reduced to much simpler 
iclina- forms. Fig. 1 gives a comparison of present approximate analyti- 
yet. cal closed form solutions with those obtained from more accurate 
btains numerical methods.® Fairly good agreements were seen. Similar . 
ght at good agreements were also obtained for deceleration, range, and 
other items of interest. . \ = 
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A andr. 
)}) X 
+ — 
sin 9 is a velocity of the wing and 
i C(U + u,v, w) 


On the Unsteady Motion of a Delta Wing in 
4-H) Supersonic Flight 


is velocity of the flow, then? 


BI w= etl Ug.(x, y) — iwg(x, y) (3) 
. M. M. Stanizié a ae 
( Using the substituticn 
Associate Professor, Division of Engineering Sciences, 
Purdue University, Lafayette, Ind (x, y, 2, t) W(x, vy, z)e"* — to! 
nput 5 
I November 16, 1959 : 
Eq. (1) leads to 
SUMMARY (1 — M?*)W,, + V,, + V2 — Ath 0 (4) 
HEASLET, Lomax, and Jones! have used the Volterra-Green with 
method in order to formulate the steady motion of a wing in k —liwM/a(1 M2 
supersonic flight This paper represents an extension of the A*2 = w2/q% M2 — 1) 
work in reference 1 to the unsteady motion of a delta wing in , 
" . le 
a}? supersonic flight. Denoting 
( x= XX, ¥ (M2—1)-“/2y  ¢ (M2 1)-U/2z 
(1) OBJECT OF INVESTIGATION ; 
; ‘ i : ; ee Eq. (4) becomes 
gion a PROBLEM is to find an acceleration potential for the lifting 
surface. Much work has been done for the last decade in L(v) Sax = Frs Ts0 1 SR oO (5) 
/2 this field. However, if one has to face the problem of approxi- where 
mate determination of the aerodynamic force on the wings, then . 2/a% Me ; 
the higher-order singularities appearing in a kernel function, as ol w*/aX M* — 1) 
has been obtained in many papers in world literature, impose Now, the Volterra-Green method requires that: 
difficulties which cannot always be surmounted by integration 
by part. The Volterra-Green method, as was shown in reference if [ loL(v) — WL(c)} dV 
3} 1, is very suitable for the formulation of acceleration potential, JJVe 
f since singularities obtained in the kernel function using this rf 
° -_ . _ | - f >) 
;, method will be of low order. Therefore, the work in reference 1 loD,(¥) VD,(o)\df (6 
ye- ‘ Se 
’ will be extended to the unsteady case. : 
where A is a surface which encloses a volume V.':** Here, o is 
(2) SOLUTION FOR THE ACCELERATION POTENTIAL FUNCTION any particular solution of Eq. (5), and D,( ) are the modified 
Using the linearized theory, the motion of compressible un- directional derivatives with respect to the normal on the surface 
steady flow is governed by the equation A. However, without loss of generality, we can replace D;( 
" ; a ; by D,(.. . ), where D;j(. . . ) are modified directional derivatives 
~~ @) (1 — M?* oz: + Pyy + Pez ~ (J a*?)(2U¢z, + Pit) 0 (1) 


of the co-normal. Therefore, 
where ¢ is the velocity potential function, M » U/a is the Mach Liw) Lie) 0 
number, U’ is the velocity of the wing, and a is a local velocity of 


sound. Eq. (1) is satisfied with the function @¢ or any of its de- Then, Eq. (6) reduces to 


rivatives. We assume that the delta wing is placed in a Mach ° > 
cone and that the wing is flat and rigid. Hence, the position of | oD )df = / WD o)df (7) 
) the wing at any time is given by JA J Ad 

Hence, in order to find W at any point, P(X, Y, Z), from knowl- 


s 0 s = g(x, ye" (2) 3 
J edge of the boundary conditions given on the wing surface, 
- where w is the frequency of the wing and g(x, y) is regular every- we have to choose o such that 
les where (see Fig. 1) A?) = 0, (e/deXP . 
oil The nature of the problem formulated by Eq. (1) implies that: , ; 
il (a)@ = Oon the aftercone where I is the forecone from point P(X, Y, 7), given by 
L r x? — B%y? + 2z*) = 0 r (X — X,)? — a? = 0 


re 


where 8° M? — 1; and (b) if with 


Q = 20, Q, —iwe(x, ye -_ a? = {( Y— Y,)?+ (Z — Z, )2] 
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Otherwise, the solution cannot be obtained according to this 
method. Evidently® 


cosh! [( xX - X1)/a] 
. 
o = | cos (A@ sinh @)d@ 
0 
satisfies conditions for o on the forecone T. However, 


WA) = 0; (OW/dr)(A) = O 
o(f) = 0; (0e/dv\(T) = 0 


Therefore, the surfaces \ and [ are excluded from consider- 
ation. Evidently, o possesses a singularity along the axis of a 
small cylinder K, going from point P(X, Y, Z), parallel to the 
wing plane. Hence, Eq. (7) can be written as 


lim [fom Oa/Ov) — o(OW/dv)|dS + 
a—0 K 
f J meer) — o(0W/dv)|df = 0 (9) 
w+ * 


where ds = 27a dX,. From Eq. (9) it follows that 


lim ff aera» — 0(0W/dv)|df = 
a—0 K 


” Xy 
27 lim | W[(00/dv)(K)| adX, (10) 
a—0 XxX 

However, 


cosh~! [(X — X1)/a] 


(00/dv)(K) = =a f sini 6 sin(A@ sinh 6)d6 — 
0 


(X — X,) cos [A Vv X — X1)? — a?) 
a V(X — XxX)? — a? 


(11) 


If A = 0, Eq. (11) is reduced to the equation of steady flow [1]. 
Therefore, Eqs. (9)—(11) lead to 


x 
f W(X, Y, Z)dX, = 
Xy 
—(1 an) f J i126 Ov) — a(OW/Odv)|df (12) 
T+ * 


Denoting with (’) prime the physical quantities corresponding 


to the surface 7_*, 


gc=o’", W= -vy’ 

, > (18) 
da/dv = —(d0'/dv’), I¥/dv = —(dW’/dv’) 
Hence, differentiating Eq. (12) with respect to Y and taking into 
account Eq. (13), one obtains 


w(X, Y,Z) = -(1 of vc Y;,0)(Oe0/dv)df (14) 


Moreover, 


0a/Ov = lim (00/0Z,) (15) 
Z:—0 


However, from Eq. (8) it follows that 


cosh™![(X — Xi) /a] 
(00/Ov)(r4.*) = (ZA/a f sinh @ sin (Aasinh @)d@ + 
0 


(X — X;)Zcos |AW(X — X,)? — a®] 
arV ( xX a X) )2 al a? 


(16) 


Denoting 

“2 ¥.2Z) =~ MX, ¥. 2" 
where X is the acceleration potential and referring to the trans- 
formation used previously, one obtains 


= tut /)(O0/Ox) X 


—(¢ 
A(x, y, O)Kz, ys Zz; Zlr yl O )dxidy; ( 17) 
n +* . 


V(x, V1, O) 


X(ry ys 2 t) 


where 
A(x1, ¥1, 0) 
is a source function for three-dimensional unsteady flow and 
K(x, y, 33 X1, 1, 0) = (O0/Ov)( 34.*) 


is the kernel function. Therefore, the acceleration potential 
around the delta wing, the objective of this investigation, is 


formulated. 
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will be examined by the Editorial Committee and by the Editor. 
Authors will be advised as promptly as possible whether the paper 
is acceptable for publication. 
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script. The difference between capital and lower-case letters 
should be clearly distinguished and care taken to avoid confu- 
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AMOCO CHEMICALS CORPORATION 
AMPHENOL-BORG ELECTRONICS CORPORATION 
ANDERSON, GREENWOOD & CO, 

ARDE ASSOCIATES 

ASSOCIATED AVIATION UNDER WRITERS 
AUTOMATION INDUSTRIES, INCORPORATED 
AVCO RESEARCH LABORATORY 

AVIEN, INC. 

BREECH AIRCRAFT CORPORATION 

BELL AIRCRAFT CORPORATION 

BENDIX AVIATION CORPORATION 

BOEING AIRPLANE COMPANY 

BOOZ, ALLEN & HAMILTON 


BULOVA RESEARCH AND DEVELOPMENT LABORA- 
TORIES, INC. 


CANADAIR, LTD. 
THE CESSNA AIRCRAFT COMPANY 

CHANCE VOUGHT AIRCRAFT, INCORPORATED 
THE CHASE MANHATTAN BANK 

CHICAGO AERIAL INDUSTRIES, INC; 

THE CLEVELAND PNEUMATIC INDUSTRIES, INC. 
CONTINENTAL MOTORS CORPORATION 
CORNELL AERONAUTICAL LABORATORY, INC. 
CURTISS-WRIGHT CORPORATION 

DANIEL, MANN, JOHNSON, & MENDENHALL 
THE DECKER CORPORATION 

DEL MAR ENGINEERING LABORATORIES 





a" ga DIVISION, GENERAL MOTORS CORPORA- 


DOAK AIRCRAFT COMPANY, INC 

DOUGLAS AIRCRAFT COMPANY, INC, 

DZUS FASTENER COMPANY, INC 

EASTERN AIR LINES, INC, 

EATON MANUFACTURING COMPANY 

EDO CORPORATION 

ELASTIC STOP NUT CORPORATION OF AMERICA 
ENGINEERING SUPERVISION COMPANY 
” CAMERA AND INSTRUMENT CORPORA- 


FAIRCHILD ENGINE AND AIRPLANE CORPORATION 
THE GARRETT CORPORATION 

GENERAL APPLIED SCIENCE LABORATORIES, INC. 
GENERAL DYNAMICS CORPORATION 

GENERAL ELECTRIC COMPANY 

GENERAL PRECISION. EQUIPMENT CORPORATION 
G, M, GIANNINI & CO., ING 

GIANNINI PLASMADYNE CORPORATION 

THE B, F, GOODRICH COMPANY 

GOODYEAR AIRCRAFT CORPORATION 

GRUMMAN AIRCRAFT ENGINEERING CORPORATION 


HYDRO-AIRE, CO, 
INSURANCE COMPANY OF NORTH AMERICA COM- 
PANIES 


INTERNATIONAL BUSINESS MACHINES CORPORATION 
THE INTERNATIONAL NICKEL COMPANY, INC, 


ITT LABORATORIES, DIVISION OF INTERNATIONAL 
TELEPHONE AND TELEGRAPH CORPORATION 


JANITROL AIRCRAFT, A DIVISION OF MIDLAND- 
ROSS CORPORATION 


JOHNS-MANVILLE SALES CORPORATION 

WALTER KIDDE & COMPANY, INC, 

KOLLSMAN INSTRUMENT CORPORATION 

LAVELLE AIRCRAFT CORPORATION 

LEAR, INCORPORATED 

C. W. LEMMERMAN, INC, 

LIBRASCOPE DIVISION OF GENERAL PRECISION, INC 
THE LIQUIDOMETER CORPORATION 

LOCKHEED AIRCRAFT CORPORATION 


LOEWY-HYDROPRESS DIVISION OF BALDWIN-LIMAs 
HAMILTON CORPORATION 


THE MARQUARDT CORPORATION 

THE MARTIN COMPANY 

McDONNELL AIRCRAFT CORPORATION 

MELETRON CORPORATION 
MINNEAPOLIS-HONEYWELL REGULATOR COMPANY 
NATIONAL ‘CREDIT OFFICE, INC, 

NORTH AMERICAN AVIATION, INC. 

NORTHROP CORPORATION 


NUCLEAR DEVELOPMENT CORPORATION OF AMERI 
PAN AMERICAN WORLD AIRWAYS, INC. 

THE RALPH M. PARSONS COMPANY 
ae DIVISION, BORG-WARNER CORPOR Aes 


PHILLIPS PETROLEUM COMPANY 
PIASECKI AIRCRAFT CORPORATION 
RADIO CORPORATION OF AMERICA 
ASTRO-ELECTRONIC PRODUCTS DIVISION 
DEFENSE ELECTRONIC PRODUCTS 


RAMO-WOOLDRIDGE DIVISION, THOMPSON RAMG@ 
WOOLDRIDGE INC. : 


REPUBLIC AVIATION CORPORATION 

ROHR AIRCRAFT CORPORATION 

PAUL ROSENBERG ASSOCIATES 

RYAN AERONAUTICAL COMPANY 
SANDBERG-SERRELL CORPORATION 
SHAFER BEARING DIVISION, CHAIN BELT COMPA 
SHELL OIL COMPANY 

SIMMONDS PRECISION PRODUCTS, INC, 
SOCONY MOBIL OIL COMPANY, INC. 
SOLAR AIRCRAFT COMPANY 

SOUTHWEST PRODUCTS CO. 

SPACE TECHNOLOGY LABORATORIES, INC. 
R. DIXON SPEAS ASSOCIATES 


SPERRY GYROSCOPE COMPANY DIVISION OF SPERRY¥) 
RAND CORPORATION 


STANDARD OIL COMPANY OF CALIFORNIA 
STANDARD OIL COMPANY (INDIANA) 


STANDARD-THOMSON CORPORATION 
CLIFFORD MANUFACTURING DIVISION 


STANLEY AVIATION CORPORATION 
THIOKOL CHEMICAL CORPORATION 
THOMPSON RAMO WOOLDRIDGE INC. 
TRANS WORLD AIRLINES, INC. 

TURBO PRODUCTS, INC. 

UNION CARBIDE CORPORATION 

UNITED AIR LINES, INC. 

UNITED AIRCRAFT CORPORATION 
UNITED STATES AVIATION UNDERWRITERS, INC. 
VERTOL AIRCRAFT CORPORATION 

VITRO CORPORATION OF AMERICA 
WESTERN GEAR CORPORATION 
WESTINGHOUSE ELECTRIC CORPORATION 
WYMAN-GORDON COMPANY 

YOUNG RADIATOR COMPANY 














